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1 Preface 

These lectures provide an introduction to the theory of weak decays of kaons 
and mesons with charm. Our main focus will be on kaon physics, which has led 
to many deep and far-reaching insights into the structure of matter, is a very 
active field of current research and still continues to hold exciting opportunities 
for future discoveries. Another, and in several ways complementary source of 
information about flavour physics is the charm sector. Standard model effects 
for rare processes are in this case typically suppressed to almost negligible levels 
and positive signals, if observed, could therefore yield spectacular evidence of 
new physics. Towards the end of the lectures we will describe a few selected 
examples in charm physics and contrast their characteristic features with those 
of the kaon sector. For both subjects we will concentrate on the flavour physics 
of the standard model. We discuss the phenomenology as well as the theoretical 
tools necessary to achieve a detailed and comprehensive test of the standard 
model picture that should eventually lead us to uncover signals of the physics 
beyond. The experimental aspects of these fields are explained in the lectures 
by Barker (kaon physics) and Cumalat (charm physics) at this School. Before 
we start our tour of flavour physics with kaons and charm, we give a brief 
outline of the contents of these lectures. 

We begin, in the following section 2, with recalling some of the historical 
highlights of kaon physics and with an overview of the main topics of current 
interest in this field. 

In section 3 we introduce theoretical methods that are fundamental for the 
computation of weak decay processes and for relating the basic parameters of 
the underlying theory to actual observables. These important tools are the op- 
erator product expansion, the renormalization group, the effective low-energy 
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weak Hamiltonians, where we discuss the general AS* — 1 Hamiltonian as an 
exphcit example, and, finally, chiral perturbation theory. Our main empha- 
sis will be on an elementary introduction of the relevant ideas and concepts, 
rather than on more specialized technical aspects. 

With this background in mind we will then address, in section 4, the 
phenomenology of the neutral-kaon system and CP violation. We discuss a 
common classification of CP violation, the kaon CP parameters e and e' je, 
and the standard analysis of the CKM unitarity triangle. 

Section 5 is devoted to the physics of rare kaon decays, in particular the 
"golden" channels -k^vv and Ki^ -n^vv, and the processes Ki^ — > 

TT^e+e^ and Kj^ —f fi^ fi^ . 

In section 6 we discuss the prominent features of flavour physics with 
charm. We present some opportunities with rare decays of D mesons and de- 
scribe the phenomenology of D'^-D^ mixing, which is of current interest in view 
of new experimental measurements by the CLEO and FOCUS collaborations. 

Finally, section 7 summarizes the main points and presents an outlook on 
future opportunities. 

We conclude these preliminary remarks by mentioning several review arti- 
cles, which the interested reader may consult for further details on the topics 
presented here, for a discussion of related additional processes and for a com- 
plete collection of references to the original literature. Very useful accounts 

SL Eaic pSJid radiative kaon decays and of kaon CP violation can be found in 
B'Lralj'LrQ. The first five articles also disciisa_t|h£ relevant experiments. Nice re- 
views on flavour physics with charm areHrrEqllj. Further details on theoretical 
methods in weak decays are provided inEjilj. 



2 Kaons: Introduction and Overview 

2.1 Historical Highlights 

The history of kaon physics is remarkably rich in groundbreaking discoveries. 
It will be interesting to briefly recall some of the most exciting examples here. 
We do not attempt to give an historically accurate account of the development 
of kaon physics. This is a fascinating subject in itself. For a more complete 
historical picture the reader may consult the excellent book by Cahn and Gold- 
habertj. Here we will content ourselves with a brief sketch of several highlights 
related to kaon physics. They serve to illustrate how the observation of unex- 
pected - and sometimes tiny - effects in this field is linked to basic concepts 
in our theoretical understanding of the fundamental interactions. 
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strangeness 

Already the discovery of kaons alone, half a century ago, has had an impressive 

impact on the development of high-energy physics. One of the characteristic 
features of the new particles was associated production, that is they were always 
produced in pairs by strong interactions, for instance as 

Tr+ K+ + K° +p 

S +1 -1 

(Alternatively a could be produced along with a A{uds) baryon.) This 
property, together with the long lifetime, suggested the existence of a new 
quantum number, called strangeness, carried by the kaons and conserved in 
strong interactions. The discovery of strangeness opened the way for the SU (3) 
classification of hadrons and the introduction of quarks (u, d, s) as the fun- 
damental representation by Gell-Mann. The quark picture, in turn, formed 
the basis for the subsequent development of QCD. In modern notation the K 
mesons come in the following varieties 

K+{su) K°{sd) 

K-{su) K^lsd) 

where the flavour content is indicated in brackets. The pairs {K~^, K'^) and 
{K°, K") are doublets of isospin. 

Pcirity Violation 

The new mesons proved to be strange particles indeed. One of the peculiarities 
is known as the 9-t puzzle. Two particles decaying &s 9 ^ 2it (P even final 
state) and r — > 37r (P odd), and hence apparently of different parity, were 
observed to have the ind lifetime. This situation prompted Lee 

and Yang to propose that parity might not be conserved in weak interactions. 
This was later confirmed in the famous ^'^Co experiment by C.S. Wu. Today 
the 9^ and r+ are known to be identical to the meson and parity violation 
is firmly encoded in the chiral SU{2)l gauge group of standard model weak 
interactions. 

CP Violation 

After the recognition of parity violation in weak processes the combination 
of parity with charge conjugation, CP, still appeared to be a good symmetry. 
The neutral kaons and were known to mix through second order weak 
interactions to form, if CP was conserved, the CP eigenstates Kl^s = {K'^ i 
K°)/V2 (here CP K° = -K°). Clearly, CP symmetry then forbids the decay 
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of the CP-odd Kl into the CP-even tt+tt^ final state. Instead, Christenson, 
Cronin, Fitch and Turlay showed in 1964 that the decay does in fact occur, 
estabhshing CP violation. Compared to the CP-allowed decay of Ks — > tt+tt" 
the amplitude is measured to be 



A{Kl TT+TT-) 



A{Ks 



2.3- 10^3 (1) 



CP violation is thus a very small effect, in contrast to P violation, but the 
qualitative implications are nevertheless far-reaching. As we will discuss later, 
CP violation defines an absolute, and not only conventional, difference between 
matter and anti-matter. Also, as we now know, CP violation indirectly anti- 
cipated in a sense the need for three families of fermions within the standard 
model. Finally, CP violation is a necessary prerequisite for the generation of 
a net baryon number in our universe according to Sakharov's three conditions 
(the other two being baryon number violation and a departure from thermal 
equilibrium). 



FCNC Suppression 

Another striking property of weak interactions that manifested itself in kaon 
decays is the suppression of flavour-changing neutral currents (FCNC). While 
the standard, charged-current mediated process —>■ /i+t^ has a branching 
fraction of order unity 

B{K+ 11+ v) = 0.64 (2) 

the similarly looking neutral-current decay Kl —>■ is suppressed to a 

tiny level 

B(i^L ^M+M") ~ 7- 10"^ (3) 

Naively, a "three-quark standard model" would allow a sdZ coupling at tree 
level. This would lead to a M^/^^ amplitude of strength Gp, compa- 

rable to l^+v, in plain disagreement with (^. Even if the tree- level 

coupling of sdZ were forbidden, the problem would reappear at one loop. This 
is illustrated in the second diagram of Fig. |l|. The loop integral is divergent, 
where a natural cut-off could be expected at the weak scale ~ Mw- The am- 
plitude should then be of the order G^M^r, which would still be far too large. 
Of course, the three-quark model is not renormalizable and therefore not a 
consistent theory at short distances. The introduction of the charm quark 
by Glashow, Iliopoulos and Maiani (GIM) solves all of these problems, which 
plagued the early theory of weak interactions. The complete two-generation 
standard model is perfectly consistent and the tree-level sdZ coupling is auto- 
matically eliminated by the orthogonality of the 2x2 Cabibbo mixing matrix. 
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Figure 1: GIM Mechanism. 

The sdZ coupling can still be induced at one-loop order, but the disturb- 
ing G|,M^ term is now canceled between the up-quark and the charm-quark 
contribution. The remaining effect is, up to logarithms, merely of the order 
G^m^, which is well compatible with (|^), unless TOc would be too large. To 
turn this observation into a more quantitative constraint on the charm-quark 
mass rric is, however, not easy in this case because — > fJ-~^ fJ'~ is actually 
dominated by long-distance contributions (we will discuss this further in sec- 
tion 5.3). Another FCNC process, K^~K^ mixing, proved to be more useful 
in this respect. 



K—K mixing, GIM and Charm 

The following example represents one of the great triumphs of early standard 
model phenomenology. In the four-quark theory, K-K mixing occurs through 
A5 = 2 W-hoK diagrams with internal up and charm quarks. This AS' — 2 
transition induces a tiny off-diagonal element M12 in the mass matrix 

of the K-K system. The corresponding eigenstates are K^ s = {K'^ iK^)/V^ 
with eigenvalues M^^s- The difference between the eigenvalues AMk = Ml — 
Ms is related to M12 and can be estimated from the box diagrams (see Fig. 
^ . Anticipating a more detailed discussion of the calculation, we simply quote 
the result: 

AM_R- Gpfj^ T/ |2 2 '7 in-15 /r\ 

^^-^l^-^^-^l (5) 

where the number on the right is the experimental value. The theoretical 
expression is approximate since we have taken the required hadronic matrix 
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Figure 2: K^^-K'^ mixing. 



element in the so-called factorization approximation, we have neglected the 
(fairly small) up-quark contribution and assumed that rric <C Mw- 

Qualitatively, (||) is easy to understand. There is a factor of G'jp represent- 
ing the second order weak interaction and a factor of describing - roughly 
speaking - the bound state dynamics binding the s and d quarks into kaons. 
The factor 67r^ in the denominator is a typical numerical factor from the loop 
integration. The whole amplitude is proportional to m^, reflecting the remain- 
der of a GIM cancellation (assuming rric ^ Aqcd, the up-quark contribution 
is negligible). Finally there are the obvious CKM parameters. 

This analysis was performed in 1974 by Gaillard and Lee. The charm 
quark had just been introduced for the theoretical reasons mentioned above, 
but had not yet been discovered in experiment. Gaillard and Lee realized that 
the quadratic dependence on the unknown charm quark mass in (^, resulting 
from the GIM cancellation of the AS" = 2 FCNC amplitude, could be turned 
into an estimate of this mass. They concluded that should be about a 
few GeV. If you take the formula in (^ and put in numbers, you will find that 
rric « 1.5 GeV (!). In view of the uncertainties of (||) the accuracy of this result 
cannot be taken too seriously, but it is in any case amusing that indeed a quite 
realistic charm mass comes out already from this simplified formula. What 
is more important, however, is the spirit of the argument, which led Gaillard 
and Lee to a correct prediction of rric by taking the short-distance structure of 
the theory seriously. This was certainly one of the most beautiful successes of 
flavour physics with kaons. 

All these examples illustrate that a careful analysis of low-energy processes 
such as kaon decays, can lead to truly profound insights into fundamental 
physics. Especially remarkable is the circumstance that kaon physics, which 
"operates" at the ^ 500 MeV scale, carries important information on the dy- 
namics at much higher energy scales. The quark-structure of hadronic matter, 
the chiral nature of weak gauge interactions, the properties of charm, and 
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Figure 3: (Semi)leptonic K decays. 



those of the top quark entering CP violating amphtudes, are prominent exam- 
ples that illustrate this point. In fact, we see that several of the most crucial 
pillars of the standard model rest on results derived from studies with kaons. 
Of course, direct experiments at high energies, that have led for instance to 
the production of on-shell W and Z bosons or quark jets, are indispensable for 
exploring the strucutre of matter. However, indirect, low-energy precision ob- 
servables are equally necessary as a complementary approach. They can yield 
information that is hardly accessible in any other way, such as the elucidation 
of the GIM structure of flavour physics or the violation of CP symmetry. It 
is with this philosophy in mind that studies of rare kaon processes, but also 
rare decays of b hadrons or charmed particles, continue to be pursued with 
great interest. The most promising future opportunities with kaons will be 
the subject of later sections in these lectures. We conclude this introductory 
chapter with a brief general overview of physics with kaon decays. 

2. 2 Overview of K decays 

We may classify the decays of K mesons into several broad categories, some 
of which are more determined by nonperturbative strong interaction dyna- 
mics, while others have a high sensitivity to short-distance physics both in the 
standard model and beyond. 

Tree-Level (Semi-) Leptonic Decays 

These are the simplest decays of kaons. They typically have large branching 
ratios and are well studied. Examples are the purely leptonic decay K'^ — > 
and the semileptonic mode — > Tr^e+z^, which are illustrated in Fig. ^ 
TT^e'^v is very important for determining the CKM matrix element Vus 
(the sine of the Cabibbo angle). This is possible because the hadronic matrix 
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element of the vector current {tt'~'\{su)v\K^) is absolutely normalized in the 
limit of SU(3) flavour symmetry and protected from first order corrections in 
the SU(3) breaking (AdemoUo-Gatto theorem). One finds 

iKs I = 0.2196 ± 0.0023 (6) 

This is a basic input for the CKM matrix. Furthermore, knowing \ Vus\, 
jjL^v may be used to determine the kaon decay constant — 160 MeV. 

Nonleptonic Decays 

Nonleptonic decays, such as K ^ tttt, are strongly affected by nonperturbative 
QCD dynamics. Nevertheless they provide an important window on the viola- 
tion of discrete symmetries, P and CP for example. CP violation is currently 
of special interest. It enters through K-K mixing via box graphs or through 
penguin diagrams in the decay amplitudes, with the virtual top quarks playing 
a decisive role. This is sketched in Fig. ^. 




TTTT 

Figure 4: SM origin of CP violation in iC — > tttt decays. 



Long-Distance Dominated Rare and Radiative Decays 

Examples of this class of processes are vr+Z+Z^, Kl 7r°77, Ks 77 

or Kl — *■ A typical contribution to TT^e~^e~ is illustrated 

in Fig. ^. These processes are determined by nonperturbative low-energy 
strong interactions and can be analyzed in the framework of chiral perturbation 
theory. The treatment of nonperturbative dynamics within a first-principles 
approach as provided by chiral perturbation theory is of great interest in its 
own right. In addition, the control over long-distance contributions afforded by 
chiral perturbation theory can be helpful to extract information on the fiavour 
physics from short distances. 
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Short-Distance Dominated Rare Decays 

The prime examples in this category are the processes — > 7r+i/P and — > 
TT^uiy. Here short-distance dynamics completely dominates the decay and the 
access to flavour physics is very clean and direct. For this reason the K — s- niyi? 
modes are special highlights among the future opportunities in kaon physics. 
To a somewhat lesser extent also Kl —>■ Tr^e+e" qualifies for this class. In 
this case the fact that the process is predominantly CP violating enhances the 
sensitivity to short-distance physics in comparison to — > 7r+e+e^. 

Decays Forbidden in the SM 

Any positive signal in processes that are forbidden in the standard model would 
be a very dramatic indication of new physics. A good example are kaon decays 
with lepton-flavour violation. Stringent experimental limits exist for several 
modes of interest 

B{Kl -> ne) < 4.7 • 10-12 (7) 
^ TT+^+e") < 4.8 • 10"" (8) 
B{Kl -> TrVe) < 3.2 • 10"^ (9) 

In principle these processes could be induced through loops in the standard 
model with neutrino masses. However, the smallness of the neutrino masses 
compared to the weak scale results in unmeasurably small branching fractions 
of typically below lO^^^. Larger values can be obtained within the minimal su- 
persymmetric standard model (MSSM). However, there are strong constraints 
from direct limits on /i — s- e conversion processes (/i ej decay, or /i — s- e 
conversion in the field of a nucleus). The disadvantage of Kl — > fJ-e is that 
flavour violation is needed simultaneously both in the lepton sector and in the 
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Figure 6: QCD effects in weak decays. 



quark sector. Interesting effects could however still occur in some regions of 
parameter space. Systematically larger branching ratios are allowed in scenar- 
ios with R-parity violation, where decays such as Kl can proceed at tree 
levelB. 

In very general terms, a scenario where the exchange of a heavy boson X 
mediates sd — *■ fte transitions at tree level receives strong constraints from the 
tight experimental bound (|^). Assuming couplings of electroweak strength, 
the bound (0) implies a lower limit of the X mass Mx ^ 100 TeV. Such a 
sensitivity to high energy scales is very impressive, however one has to remem- 
ber that the tree-level scenario assumed above is quite simple-minded and in 
general very model dependent. Generically, one would expect some additional 
suppression mechanism to be at work in fJ^e- In this case the scale 

probed would be less, but the high precision of (0) still guarantees an excellent 
sensitivity to subtle short-distance effects. 



3 Theoretical Methods in Weak Decays 

The task of computing weak decays of kaons represents a complicated problem 
in quantum field theory. Two typical cases, the first-order nonleptonic process 
K'^ —^ TT+TT^, and the loop-induced, second-order weak transition A'+ —>■ ir^vD 
are illustrated in Fig. |[ The dynamics of the decays is determined by a 
nontrivial interplay of strong and electroweak forces, which is characterized 
by several energy scales of very different magnitude, the W mass, the various 
quark masses and the QCD scale: mt, Mw ^ rUc ^ ^qcd ^ nT-u, rad, 
{nis)- While it is usually sufficient to treat electroweak interactions to lowest 
nonvanishing order in perturbation theory, it is necessary to consider all orders 
in QCD. Asymptotic freedom still allows us to compute the effect of strong 
interactions at short distances perturbatively. However, since kaons are bound 
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states of light quarks, confined inside the hadron by long-distance dynamics, 
it is clear that also nonpcrturbative QCD interactions enter the decay process 
in an essential way. 

To deal with this situation, we need a method to disentangle long- and 
short-distance contributions to the decay amplitude in a systematic fashion. 
The required tool is provided by the operator product expansion (OPE). 

3.1 Operator Product Expansion 

We will now discuss the basic concepts of the OPE for kaon decay ampli- 
tudes. These concepts are of crucial importance for the theory of weak decay 
processes, not only of kaons, but also of mesons with charm and beauty and 
other hadrons as well. Consider, for instance, the basic VK-boson exchange 
process shown on the left-hand side of Fig. |^. This diagram mediates the 




Figure 7: OPE for weak decays. 

decay of a strange quark and triggers the nonleptonic decay of a kaon such as 
K'^ TT+TT^. The quark-level transition shown is understood to be dressed 
with QCD interactions of all kinds, including the binding of the quarks into 
the mesons. To simplify this problem, we may look for a suitable expansion 
parameter, as we are used to do in theoretical physics. Here, the key feature is 
provided by the fact that the W mass Mw is very much heavier than the other 
momentum scales p in the problem (Aqcd, rnu, rud, rus). We can therefore 
expand the full amplitude A, schematically, as follows 

.,c(^^.».).«3, + o(4) ,10) 

which is sketched in Fig. |7[ Up to negligible power corrections of ©(p^/M^), 
the full amplitude on the left-hand side is written as the matrix element of a 
local four-quark operator Q, multiplied by a Wilson coefhcient C. This expan- 
sion in 1 /Mw is called a (short-distance) operator product expansion because 
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the nonlocal product of two bilinear quark-current operators (su) and (ud) that 
interact via W exchange, is expanded into a series of local operators. Physi- 
cally, the expansion in Fig. ^ means that the exchange of the very heavy W 
boson can be approximated by a point-like four-quark interaction. With this 
picture the formal terminology of the OPE can be expressed in a more intuitive 
language by interpreting the local four-quark operator as a four-quark interac- 
tion vertex and the Wilson coefficient as the corresponding coupling constant. 
Together they define an effective Hamiltonian Tie// = C ■ Q, describing weak 
interactions of light quarks at low energies. Ignoring QCD the OPE reads 
explicitly (in momentum space) 

A = ^V:sVud j^, {-Su)v_A{ud)v.A 

= -^K.K.C.(Q)+o(^) (11) 

with C = 1, Q = {su)v-A{ud)v-A and 

Gf _ _ 

'Heff = —^V*,Vudisu)v-Aiud)v-A (12) 

As we will demonstrate in more detail below after including QCD effects, 
the most important property of the OPE in ( [lO| ) is the factorization of long- 
and short-distance contributions: All effects of QCD interactions above some 
factorization scale fi (short distances) are contained in the Wilson coefhcient 
C. All the low-energy contributions below /i (long distances) are collected into 
the matrix elements of local operators (Q). In this way the short-distance part 
of the amplitude can be systematically extracted and calculated in perturba- 
tion theory. The problem to evaluate the matrix elements of local operators 
between hadron states remains. This task requires in general nonperturbative 
techniques, as for example lattice QCD, but it is considerably simpler than 
the original problem of the full standard-model amplitude. In some cases also 
symmetry considerations can help to determine the nonperturbative input. For 
example, the only matrix element relevant for tt^vv is 

{7r+\{rsd)v\K+) = V2{A{su)v\K+) (13) 

where the equality with the right-hand side uses isospin symmetry and allows 
us to obtain the matrix element from measuring the standard semileptonic 
mode 7r"Z+t^. 

The short-distance OPE that we have described, the resulting effective 
Hamiltonian, and the factorization property are fundamental for the theory of 
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Figure 8: Calculation of Wilson coefficients of tlie OPE. 

K decays. However, the concept of factorization of long- and short-distance 
contributions reaches far beyond these apphcations. In fact, the idea of fac- 
torization, in various forms and generahzations, is the key to essentially all 
applications of perturbative QCD, including the important areas of deep- 
inelastic scattering and jet or lepton pair production in hadron-hadron col- 
lisions. The reason is the same in all cases: Perturbative QCD is a theory of 
quarks and gluons, but those never appear in isolation and are always bound 
inside hadrons. Nonperturbative dynamics is therefore always relevant to some 
extent in hadronic reactions, even if these occur at very high energy or with a 
large intrinsic mass scale (see also the lectures by Soper in these proceedings). 
Thus, before perturbation theory can be applied, nonperturbative input has to 
be isolated in a systematic way, and this is achieved by establishing the prop- 
erty of factorization. It turns out that the weak effective Hamiltonian for K 
decays provides a nice example to demonstrate the general idea of factorization 
in simple and explicit terms. 

We will next discuss the OPE for K decays, now including the effects of 
QCD, and illustrate the calculation of the Wilson coefficients. A diagrammatic 
representation for the OPE is shown in Fig. ||. The key to calculating the co- 
efficients Ci is again the property of factorization. Since factorization implies 
the separation of all long-distance sensitive features of the amplitude into the 
matrix elements of (Qi), the short-distance quantities Ci are, in particular, in- 
dependent of the external states. This means that the Ci are always the same, 
no matter whether we consider the actual physical amplitude where the quarks 
are bound inside mesons, or any other, unphysical amplitude with on-shell or 
even off-shell external quark lines. Thus, even though we are ultimately inter- 
ested vn K ^ TTTT amplitudes, for the perturbative evaluation of Ci we are free 
to choose any treatment of the external quarks according to our calculational 
convenience. A convenient choice that we will use below is to take all light 
quarks massless and with the same off-shell momentum p (p^ ^ 0). 

The computation of the Ci in perturbation theory then proceeds in the 
following steps: 

• Compute the amplitude A in the full theory (with W propagator) for 
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Figure 9: QCD correction with colour assignment. 

arbitrary external states. 

• Compute the matrix elements (Qi) with the same treatment of external 
states. 

• Extract the C,; from A — Ci (Qi). 

We remark that with the off-shell momenta p for the quark lines the am- 
plitude is even gauge dependent and clearly unphysical. However, this depen- 
dence is identical for A and (Qi) and drops out in the coefficients. The actual 
calculation is most easily performed in Feynman gauge. To 0{as) there are 
four relevant diagrams, the one shown in Fig. |^ together with the remaining 
three possibilities to connect the two quark lines with a gluon. Gluon correc- 
tions to either of these quark currents need not be considered, they are the 
same on both sides of the OPE and drop out in the Ci. The operators that 
appear on the right-hand side follow from the actual calculations. Without 
QCD corrections there is only one operator of dimension 6 

Q2 = {SiUi)v-Aiujdj)v~A (14) 

where the colour indices have been made explicit. (The operator is termed Q2 
for historical reasons.) To 0{as) QCD generates another operator 

Qi = {siUj)v-A{ujdi)v~A (15) 

which has the same Dirac and flavour structure, but a different colour form. 
Its origin is illustrated in Fig. ||, where we recall the useful identity for SU{N) 
Gell-Mann matrices 

{SzT,luk){UjT^ldl) = -^{s^U^){uJdj) + ^{s^Uj){Ujd^) (16) 
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It is convenient to employ a different operator basis, defining 

Q± = (17) 

The corresponding coefficients are then given by 

C± = C2± Ci (18) 

If we denote by S± the spinor expressions that correspond to the operators 
Q± (in other words: the tree-level matrix elements of Q±), the full amplitude 
can be written as 

A=(^l + ^+as In S++(^l + -f^as In S. (19) 

Here we have focused on the logarithmic terms and dropped a constant con- 
tribution (of order a^, but nonlogarithmic) . Further, is the virtuality of the 
quarks and 7± are numbers that we will specify later on. We next compute 
the matrix elements of the operators in the effective theory, using the same 
approximations, and find 

(Q±) = (^l + 7±a. Q+ln^)) 5± (20) 

The divergence that appears in this case has been regulated in dimensional 
regularization (D = 4 — 2e dimensions). Requiring 

A = C+(Q+)+C_(g_) (21) 

we obtain 

C7± = l + 7±asln^ (22) 

where the divergence has been subtracted in the minimal subtraction scheme. 
The effective Hamiltonian we have been looking for then reads 

He// = ^V:,Vud iC+{fi)Q+ + C^{fi)Q-) (23) 

with the coefficients C± determined in ( [2^ ) to 0{as log) in perturbation theory. 
The following points are worth noting: 

• The 1/e (ultraviolet) divergence in the effective theory ( po| ) reffects the 
Mw oo limit. This can be seen from the amplitude in the full theory 
(|l9|), which is finite, but develops a logarithmic singularity in this limit. 
Consequently, the renormalization in the effective theory is directly linked 
to the In Mw dependence of the decay amplitude. 
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We observe that although A and {Q±) both depend on the long-distance 
properties of the external states (through p^), this dependence has drop- 
ped out in C±. Here we see explicitly how factorization is realized. Tech- 
nically, to 0{as log), factorization is equivalent to splitting the logarithm 
of the full amplitude according to 



In^^lni^-fln^ (24) 



Ultimately the logarithms stem from loop momentum integrations and 
the range of large momenta, between Mw and the factorization scale fj,, 
is indeed separated into the Wilson coefficients. 



To obtain a decay amplitude from Tieff in (P3[), the matrix elements 
(/I'9±I^)(a*) have to be taken, normalized at a scale /i. An appropriate 
value for fi is close to the hadronic scale in order not to introduce an 
unnaturally large scale into the calculation of (Q). At the same time 
fi must also not be too small in order not to render the perturbative 
calculation of C{^) invalid. A typical choice for K decays is /i « 1 GeV <C 
Mw 

The factorization scale ^ is unphysical. It cancels between Wilson coef- 
ficient and hadronic matrix element, to a given order in as, to yield a 
scale independent decay amplitude. The mechanism of this cancellation 
to 0{as) is clear from the above example (|9|) - (^). 

In the construction of Hef / the W^-boson is said to be "integrated out" , 
that is, removed from the effective theory as an explicit degree of freedom. 
Its effect is still implicitly contained in the Wilson coefficients. The 
extraction of these coeffcients is often called a "matching calculation" , 
matching the full to the effective theory by "adjusting" the couplings 

c±. 

If we go beyond the leading logarithmic approximation 0{as log) and 
include the finite corrections of 0{as) in (^9|), (po|), an ambiguity arises 
when renormalizing the divergence in (|2^) (or, equivalently, in the Wilson 
coefficients C±). This ambiguity consists in what part of the full (non- 
logarithmic) 0{as) term is attributed to the matrix elements, and what 
part to the Wilson coefficients. In other words, coefficients and matrix el- 
ements become scheme dependent, that is, dependent on the renormaliza- 
tion scheme, beyond the leading logarithmic approximation. The scheme 
dependence is unphysical and cancels in the product of coefficients and 
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matrix elements. Of course, both quantities have to be evaluated in the 
same scheme to obtain a consistent result. The renormalization scheme 
is determined in particular by the subtraction constants (minimal or non- 
minimal subtraction of 1 /e poles) , and also by the definition of 75 used 
in D ^ A dimensions in the context of dimensional regularization. 



Finally, the effective Hamiltonian (23) can be considered as a modern 



version of the old Fermi theory for weak interactions. It is a systematic 
low-energy approximation to the standard model for kaon decays and 
provides the basis for any further analysis. 

3.2 Renormalization Group 

Let us have a closer look at the Wilson coefficents, which read explicitly 
, , asOf)7±\ (0) / 4 

where we have now specified the exact form of the O {as log) correction. Nu- 
merically the factor 0^(^)7^ '/(Stt) is about +7% (—14%), a reasonable size 
for a perturbative correction (we used as(/z = 1 GeV) = 0.43). However, this 
term comes with a large logarithmic factor of ln(/x^/A/^) —8.8, for an ap- 
propriate scale oi fi — 1 GeV. The total correction to C± = 1 in (|2^) is then 
—60% (120%)! Obviously, the presence of the large logarithm spoils the va- 
lidity of a straightforward perturbative expansion, despite the fact that the 
coupling constant itself is still reasonably small. This situation is quite com- 
mon in renormalizable quantum field theories. Logarithms appear naturally 
and can become very large when the problem involves very different scales. 
The general situation is indicated in the following table, where we display the 
form of the correction terms in higher orders, denoting i = lii{fi/Mw) 



LL NLL 

a? 



i i 
0{\) 0{as) 



(26) 



In ordinary perturbation theory the expansion is organized according to powers 
of tts alone, corresponding to the rows in the above scheme. This approach is 
invalidated by the large logarithms since cks^, in contrast to a^, is no longer a 
small parameter, but a quantity of order 1. The problem can be resolved by 
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resumming the terms (ag^)" to all orders n. The expansion is then reorganized 
in terms of columns of the above table. The first column is of 0(1) and yields 
the leading logarithmic approximation, the second column gives a correction 
of relative order as, and so forth. Technically the reorganization is achieved by 
solving the renormalization group equation (RGE) for the Wilson coefficients. 
The RGE is a differential equation describing the change of C±(/x) under a 
change of scale. To leading order this equation can be read off from (p5|) 



(27) 



(ag/An)^^^'^ are called the anomalous dimensions of C±. To understand the 
term "dimension", compare with the following relation for the quantity /i", 
which has (energy) dimension n: 



dlujJL 



n ■ /i 



(28) 



The analogy is obvious. Of course, the C±{fi) are dimensionless numbers in 
the usual sense; they can depend on the energy scale /i only because there is 
another scale, Mw, present under the logarithm in (p5|). Their "dimension" 
is therefore more precisely called a scaling dimension, measuring the rate of 
change of C± with a changing scale fi. The nontrivial scaling dimension derives 
from 0{as) loop corrections and is thus a genuine quantum effect. Classically 
the coefficients are scale invariant, C± = 1. Whenever a symmetry that holds 
at the classical level is broken by quantum effects, we speak of an "anomaly" . 
Hence, the 7^*^ represent the anomalous (scaling) dimensions of the Wilson 
coefRcients. 



We can solve (| 
da. 



dln/i 



and find 



C±(m) = 



usmg 



asip) 



(0) 

Z±_ 

2|3o 



33-2/ 



C±(M, 



w) 



(29) 



(0) 



(30) 



This is the solution for the Wilson coefficients C± in leading logarithmic ap- 
proximation, that is to leading order in RG improved perturbation theory. The 
all-orders resummation of as log terms is apparent in the final expression in 

(!)• 
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Figure 10: K° tt+tt" and K+ tt+tt". 



5.5 AI^ 1/2 Rule 

At this point, and before continuing with the construction of the complete 
AS* = 1 Hamiltonian, it is interesting to discuss a first appHcation of the 
results we have derived so far. 

Let us consider the weak decays into two pions of a neutral kaon, A'5 -~^ 
TT+vr^, and a charged kaon, tt+tt", which are sketched in Fig. The 

two cases look very much the same, except that the spectator quark is a m 
quark for the charged kaon and a d quark for the neutral one. Naively one 
would therefore expect very similar decay rates. The experimental facts are, 
however, strikingly different: 

T{Ks TT+TT') 2 

r(^+^,+,o) - 450 ^(21.2) (31) 

To get a hint as to where this huge difference in the decay rates may come 
from we have to analyze the isospin structure of the decays. A kaon state has 
isospin I = 1/2. Taking into account Bosc symmetry, one finds that two pions 
from the decay of a i^T meson can only be in a state of isospin and 2. More 
specifically, |7r+7r~) has both 7 = and 1 — 2 components, while |7r+7r°) is a 
pure 1 = 2 state. The change in isospin is then as follows 

K+ tt+tt" AI = 3/2 (32) 
K^-^n+n- A/ =1/2, 3/2 (33) 

In particular, — s- vr+Tr" is a pure AI = 3/2 transition. The large ratio in 
( ^ ) means that AI =1/2 transitions are strongly enhanced. This empirical 
feature is refered to as the AI =1/2 rule. 

We next take a closer look at the isospin properties of the effective Hamil- 
tonian. Using the Fierz identities of the Dirac matrices the operators Q± can 
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be rewritten as 



?± = {SiUi)v-A{ujdj)v-A± (SiU-i)v-A{ujdi)v-A 
= {siUi)v-A{ujdj)v-A ± iSidi)v-A{ujUj)v-A 



(34) 



where now all quark bilinears appear uniformly as colour singlets. Retaining 
only the flavour structure, but dropping colour and Dirac labels for ease of 
notation, the Hamiltonian (GS) has the form 



as{Mw) 



-1 6/25 



+ 



{{su){ud) + {sd){uu)) + 



_ asifJ.) 



{{su){ud) — {sd){uu)) 



We can now see that the operator in the second line of 
AI —1/2 operator: u and d appear in the combination 

ud-du^n)-\i^) 



(35) 
is a pure 

(36) 



which has isospin 0. The strange quark is also an isospin singlet. The isospin 
of (5_ is therefore determined by the factor u, which has isospin 1/2. 

From the Wilson coefficients we have calculated we observe that the con- 
tribution from (5_ receives a relative enhancement over in (p5|) by a factor 



asiMw) 



18/25 



2.6 
3.4 



H = 1 GeV 
fi = 0.6 GeV 



(37) 



Qualitatively, this is precisely what we need: Q^, which is purely AI = 1/2 
and can thus only contribute to K'^ — > tt+tt^, but not to 7r+7r°, is 

re-inforced by the short-distance QCD dynamics. Quantitatively, however, the 
RG improved QCD effect falls still short of explaining the amplitude ratio 21.2 
in (31) by a sizable factor. We might be tempted to decrease /i, which en- 
hances the effect, but we are not allowed to go much below n — 1 GeV where 
perturbation theory would cease to be valid. The remaining enhancement has 
to come from nonperturbative contributions in the matrix elements. Never- 
theless it is interesting to see how already the short-distance QCD corrections 
provide the first step towards a dynamical explanation of the AI — 1/2 rule. 



3.4 AS = 1 Effective Hamiltonian 

In this section we will complete the discussion of the AS* = 1 effective Hamil- 
tonian. So far we have considered the operators 

Qi = {siUj)v-A{ujdi)v-A (38) 
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Q2 = {SiUi)v^AiUjdj)v-A 



(39) 



which come from the simple W^-exchange graph and the corresponding QCD 
corrections (Fig. |l^). In addition, there is a further type of diagram at 0{as), 




Figure 11: QCD correction to W exchange. 

which we have omitted until now: the QCD-penguin diagram shown in Fig. 
[l2|. It gives rise to four new operators 




Figure 12: QCD-penguin diagram. 

Qs = {sidi)v-A^{qjqj)v-A (40) 

9 

Q4 = {sidj)v-A^{qjqi)v-A (41) 
9 

Q5 = isidi)v-A^{qjq])v+A (42) 
9 

Qe = {sidj)v-A^{qjqi)v+A (43) 
9 

Two structures appear when the light-quark current {qq)v from the bottom 
end of the diagram is split into V — A and V + A parts. In turn, each of those 
comes in two colour forms in a way similar to Qi and Q2. 

The operators Qi, . . . , Qq mix under renormalization, that is the RGE for 
their Wilson coefficients is governed by a matrix of anomalous dimensions, 
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generalizing (|2^). In this way the RG evolution of Ci^2 affects the evolution of 
C3, . . . , Cg. On the other hand Ci_2 remain unchanged in the presence of the 
penguin operators Q3, . . . ,Q6, so that the results for C1.2 derived above are 
still valid. 

For some applications (e.g. e' /e) higher order electroweak effects need 
to be taken into account. They arise from 7- or Z-penguin diagrams (Fig. 
p^) and also from VF-box diagrams. Four additional operators arise from this 




Figure 13: Electroweak penguin. 

source. They have a form similar to the QCD penguins, but a different isospin 
structure, and read (e^ are the quark charges, eu,c = +2/3, ed.s,b = ^1/3) 

Q7 ^ ^{sidi)v-A^eq{qjqj)v+A (44) 
q 

Qs ^ -^isidj)v-A^eg{qjqi)v+A (45) 
9 

Q9 = ^isidi)v-A^eq{qjqj)v-A (46) 
q 

Qw = 2^Sidj)v-A^eq{q-iqi)v-A (47) 
9 

The construction of the effective Hamiltonian follows the principles we 
have discussed in the previous sections. First the Wilson coefficients Ci{fiw), 
i = 1, . . . , 10, are determined at a large scale iiw — 0{Mw ,mt) to a given 
order in perturbation theory. In this step both the W boson and the heavy 
top quark are integrated out. Since the renormalization scale is chosen to 
be = 0{Mw,'mt), no large logarithms appear and straightforward per- 
turbation theory can be used for the matching calculation. The anomalous 
dimensions are computed from the divergent parts of the operator matrix ele- 
ments, which correspond to the UV-renormalization of the Wilson coefficients. 
Solving the RGB the Ci are evolved from fiw to a scale Hb = 0{mi,) in a theory 
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with / = 5 active flavours q = u,d, s, c, b. At this point the b quark (which can 
appear in loops) is integrated out by calculating the matching conditions from 
a five- flavour to a four- flavour theory, where only q = u,d,s,c are active. This 
procedure is repeated by integrating out charm at /ic = 0{mc) and matching 
onto an / = 3 flavour theory. One finally obtains the coefficients Ci{fi) at a 
scale ^j, < ^c, describing an effective theory where only q = u,d,s (and gluons 
of course) are active degrees of freedom. The terms taken into account in the 
RG improved perturbative evaluation of Ci{p) are, schematically: 

c^lnMaij , aln^ fa.ln^j 

NLO: a, [a. In ^ j ,a(^a,ln^j 

at leading and next-to-leading order, respectively. Here a is the QED coupling, 
refering to the electroweak corrections. 

The final result for the AS — 1 effective Hamiltonian (with 3 active 
fiavours) can be written as 

Htff = ^A„ ^ (^z.(m) - ^y^M)) Q^ + h.c. (48) 

where Xp = V*^Vpd- In principle there are three different CKM factors, A„, 
Ac and At, corresponding to the different flavours of up- type quarks that can 
participate in the charged-current weak interaction. Using CKM unitarity, one 
of them can be eliminated. If we eliminate Ac, we arrive at the CKM structure 
of (g|). 

The Hamiltonian in ( ^ ) is the basis for computing nonleptonic kaon decays 
within the standard model, in particular for the analysis of direct CP viola- 
tion. When new physics is present at some higher energy scale, the effective 
Hamiltonian can be derived in an analogous way. The matching calculation at 
the high scale fiw will give new contributions to the coefficients Ci(/ivi/), the 
initial conditions for the RG evolution. In general, new operators may also be 
induced. The Wilson coefficients Zi and yi are known in the standard model 
at NLO. A more detailed account of Tif^p^ and information on the technical 
aspects of the necessary calculations can be found in andS. 



3.5 Chiral Perturbation Theory 

An additional tool for kaon physics, complementary to the OPE-based effec- 
tive Hamiltonian formalism, is chiral perturbation theory (^PT). The present 
section gives a brief and elementary introductioaiato..this subject. For other, 
more detailed discussions we refer the reader to HiiS'tZHlS. 
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Preliminaries 

The QCD Lagrangian for three light flavours q = [u, d, s)^ can be written in 
terms of left-handed and right-handed fields, qL^R = (1 T 75)9/2, in the form 

^QCD = qhi PqL + qui PqR - qhMqR - qnAd^L (49) 

where A4 = diag(m„, m^, m^). If A4 is put to zero, jCqcd is invariant under a 
global SU{3)l O SU{3)r symmetry 

qL ^ LqL (50) 
Qr RqR (51) 

with L and R (independent) SU{3) transformations. The explicit breaking of 
this chiral symmetry through a nonzero is a small effect and can be treated 
as a perturbation. Simultaneously, chiral symmetry is not reflected in the 
hadronic spectrum, so it must also be spontaneously broken by the dynamics 
of QCD. For instance the octet of light pseudoscalar mesons 



$ = TV= TT- -4 + ^ ifO (52) 




is not accompanied in the spectrum of hadrons by a similar octet of mesons 
with opposite parity and comparable mass. On the other hand the octet 
comprising the lightest existing hadrons, is the natural candidate for the octet 
of Goldstone bosons expected from the pattern of spontaneous chiral symmetry 
breaking 

SU{3) L SU{3)r ^ SU{3) (53) 

down to group of ordinary flavour SU{3), where qL,R Uql^r- 

The mesons in $ are not strictly massless due to the explicit breaking 
of chiral symmetry caused by A4 and are thus often refered to as pseudo- 
Goldstone bosons. Still they are the lightest hadrons and they are separated 
by a mass gap from the higher excitations of the light-hadron spectrum. (The 
masses of the latter remain of order Aqcd, while the masses of $ vanish in 
the Hmit ^ 0.) 

The idea of xPT is to write a low-energy effective theory where the only 
dynamical degrees of freedom are the eight pseudo-Goldstone bosons. This is 
appropriate for low-energy interactions where the higher states are not kine- 
matically accessible. Their virtual presence will however be contained in the 
coupling constants of xPT. The guiding principles for the construction of xPT 
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are the chiral symmetry of QCD and an expansion in powers of momenta and 
quark masses. By constructing the most general Lagrangian for $ compat- 
ible with the symmetries of QCD, the framework is model independent. By 
restricting the accuracy to a given order in the momentum expansion, only a 
finite number of terms arc possible and the framework becomes also predictive. 
A finite number of couplings needs to be fixed from experiment; once this is 
done, predictions can be made. xPT is a nonperturbative approach as it does 
not rely on any expansion in the QCD coupling Og. 

Both xPT and the quark- level effective Hamiltonian Heff are low-energy 
effective theories applicable to kaon decays. What is the difference and how 
are these two approaches related? The essential, and obvious, difference is 
that xPT is formulated directly in terms of hadrons, Ti-eff in terms of quarks 
and gluons. The advantage of xPT is therefore the direct applicability to 
physical, hadronic amplitudes, without the need to deal with the complicated 
hadronic matrix elements of quark- level operators. The advantage of Heff, on 
the other hand, is the direct link to short-distance physics, which is encoded in 
the Wilson coefficients. This type of information is important in the context 
of CP violation or in the search for new physics. In xPT such information is 
hidden in the coupling constants, which are not readily calculable and need 
to be fixed experimentally. From these considerations it is clear that Ti-eff 
is more useful for applications where short-distance physics is essential (CP 
violation, s'/e), whereas xPT is especially suited to deal with long-distance 
dominated quantities, which arc hard to come by otherwise. To relate the two 
descriptions directly is not an easy task and has so far not been accomplished. 
A calculation of the couplings of xPT from the quark picture, establishing a 
link between Heff and xPT, requires one to solve QCD nonperturbatively, 
which is not possible at present. 

SU{3) Transformations 

Before describing the explicit construction of xPT it will be useful to recall 
a few important properties of SU{3) transformations and to introduce some 
convenient notation. We define 

9^ Q^) = {u, d, s) (gi, 92, qa) = {u, d, s) (54) 

and by Wj the components of a generic SU (3) matrix U. By definition, chang- 
ing upper into lower indices, and vice versa, corresponds to complex conjuga- 
tion, thus 

Ui^ = U*'j = U'^\ (55) 
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The unitarity of U implies 

Uk'U) = U^\U) = 5^ (56) 
C/\C// = U\U^) = <5V (57) 

Also, 

det U = e*^''=C/\C/2 [/\. = 1 (58) 

The fundamental 51/(3) triplet and anti-triplet qi transform, respectively, 
as 

^ U',q' (59) 
- C/,^g, (60) 

It follows from the above that the singlet q'^qk as well as the Kronecker sym- 
bol and the totally antisymmetric tensor are invariant under SU{3) 
transformations. 

Higher dimensional representations can also be built. For example, the 
traceless tensor 

S', - q'qj - IS', q\k (61) 

is an irreducible representation of SU{i). Its eight components constitute an 
SU{?>) octet, which transforms as 

5^ ^ U\U/S\ (62) 

We next define the objects 

- e'^\,qk (63) 

n = e^juq^q'' (64) 

They transform in the same way as the fundamental triplet and anti-triplet in 
( ^ ) and (|60|), respectively. We show this for (|63|). From (|60| ) and using (55) 
and (IstI), we have 

£^^'=!7/C/,'"g,g„, = U\e^^^U„'^U.^Urqiqm - 

C/^, e"^'=C/t;,[/^'^.C/t", = C/'^ e^'"(detC/t)g,g„ = U\r' (65) 

which proves our assertion. 

Let us consider two simple applications of this formalism. 

a) The meson field $ in (|5^) corresponds to the quark-level tensor S'*^- and 
both transform as octets under SU{?i). The connection can be seen by writing 
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out the components of S*'^ and comparing with (p2[). One recovers the quark 
flavour composition of the meson states. For example 

= 7r+ = =<1^Q2= ud (66) 

= -^rj = S% = q^q3 - ^''qk ^ -^{uu + dd - 2ss) (67) 

The transformation law for is the same as for 5*'^ in (^2|) or, in matrix 
notation, 

$ [/$[/^ (68) 

b) In section 3.3 we have seen from the discussion of the A/ =1/2 rule 
that the largely dominant part of the weak Hamiltonian is contributed by the 
pure AI = 1/2 operator Q-. We will now show the important property that 
Q- transforms as the component of an octet under SU{3)l- To see this we 
first note that the operator 

=rV,-i<5^rVfc (69) 

is an SU{3) octet. This follows because the r* in (|63|), ( |6^ ) transform as the 
q*, and S^j in ( |6l| ) is an octet. We next show that the (2,3) component of Q^j 
indeed has the flavour structure of Q_: 



= {su){ud) - {sd){uu) - {uu){sd) + {ud){su) = 2Q_ (70) 

Since the quark fields in Q- are all left-handed, we see that Q- transforms 
as the (2,3) component of an octet Q'^- under SU{?>)l- Trivially, it is also a 
singlet under SU{?>)r. Hence, transforms as a component of a (8^,1^?) 
under SU {"i) l ® SU{?,) r. 

The transformation law for Q'^- in matrix notation is, with L G SU{3)l, 

Q ^ LQL^ (71) 
Including the hermitian conjugate we may write 

2{Q^+Ql) = Q\ + Q\^trXeQ (72) 

where the trace with the Gell-Mann matrix Ag is used to project out the proper 
components (Ag is the matrix with entry 1 at positions (2,3) and (3,2), and 
otherwise) . 

It is not hard to see that the penguin operators Q3, . . . , Qe also transform 
as part of an (8l, Ifl), in the same way as Q-. 
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Chiral Lagrangian 

We will now construct explicitly the leading terms of the chiral Lagrangian. 
Since we have to write down the most general form for this Lagrangian to any 
given order in the momentum expansion, the specific manner in which chiral 
symmetry is realized does not matter. The most convenient and standard 
choice is a nonlinear realization where one introduces the unitary matrix 

S = exp (^^$^ (73) 

as the basic meson field. Here / is the generic decay constant for the light 
pseudoscalars (we have used a normalization in which f^^ — 131 MeV). 
The field S is taken to transform under SU{3)l ^ SU{3)u as 

E ^ LY.R^ (74) 

with L e SU{S)l and R G SU{3)ii. In general, ( [7^ ) impUes a compUcated, 
nonlinear transformation law for the field However, for the special case of an 
ordinary SU (3) transformation, where L — R = U , ( [T^ becomes equivalent to 
( |68| ) . We thus recover the correct transformation for the octet $ under ordinary 
SU{3). We can also see that the vacuum state, which corresponds to $ — > 0, 
hence E ^ 1, is invariant under ordinary SU (3) (1 ^ [/ 1 [/'^ = 1) as it must be. 
On the other hand, the vacuum is not invariant under the chiral transformation 
in (ItJ): 1 LIK^ ^ 1. This corresponds to the spontaneous breaking of 
chiral symmetry. The field (^3|) with the transformation ( [t^ ) therefore has the 
desired properties to describe the pscudo-Goldstonc bosons. 

The chiral Lagrangian is constructed as a series in powers of momenta, or 
equivalently numbers of derivatives 

qQCD describes strong interactions, £'^'^^^ A5 = 1 weak interactions, and the 
subscripts on the right-hand side indicate the number of derivatives. 
The lowest order strong interaction Lagrangian has the form 

^QCD [D^ED'^E^ + 2Bo(XE^ + EAl^)] (77) 

8 

We have written for the derivative, which we later will generalize to a 
covariant derivative to include electromagnetism. For the moment we may 
consider as an ordinary derivative. 
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The terms in ( [TT] ) have to be built to respect the symmetries of the QCD 



Lagrangian in (49). For A4 = 0, (|49|) is chirally invariant and we are thus look- 
ing for invariants constructed from S in (Q). Only trivial terms are possible 
with zero derivatives, for example tr(SS'l') = const. The leading term comes 
with two derivatives, as anticipated. The only possible form is tT{D^'E,D'^T,^). 
Here D^SZJ^S''' transforms as (SlAr) 

Df.T.D'^T,^ -> L Df.^^Df'T.^ L'^ (78) 

and taking the trace gives an invariant. Another possibility would seem to be 
tr(£'^I]I]t), but this term differs from iv{D fJ^D'^Tj'^) only by a total derivative. 
The second term in (fz^ ) breaks chiral symmetry. Its form can be found 



by noting that the symmetry breaking term proportional to in (49) would 
be invariant if Ai was interpreted as an auxiliary field transforming as — > 
LAdR'' . To first order in A4 and to lowest order in derivatives this leads to the 
mass term in (|77|). For Ai LAiR'' it would be invariant. For A4 fixed to the 
diagonal mass matrix it breaks chiral symmetry in the appropriate way. We 
will soon find that this term indeed counts as two powers of momentum. The 
second order Lagrangian £2'^^ is then complete. The factor in front of the first 
term in { \n\ j is fixed by the requirement that the kinetic term for the mesons 
be normalized in the canonical way. There are no additional parameters for 
this contribution. The second term in ( |77| ) comes with a coupling Bq. This 
new parameter is related to the meson masses. To see this more clearly, we 
can extract the kinetic terms from ( |77| ) by expanding to second order in the 
field If we keep, for example, only the contributions with neutral kaons K, 
we find (up to an irrelevant additive constant) 

'^2%'^k^n = ^^'K^^,K - Bo (to, +md)KK (79) 

From (|79| ) and similar relations for the other mesons we obtain expressions 
for the pseudo-Goldstone boson masses in terms of the quark masses and the 
parameter Bq = 0{Aqcd) 

m\o = BQ{'ms + rud) 

to|-+ = Boinis + ruu) (80) 
m^=Bo(™„+™,) 

The meson masses squared are proportional to linear combinations of quark 
masses. This also clarifies why one factor of A4 is equivalent to two powers of 
momenta in the usual chiral counting (see (|7^)). 

Expanding ( [77| ) beyond second order in $ we obtain terms describing 
strong interactions among the mesons, such as tt-tt scattering. 
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We next need to determine the form of C^^^^ . As we have seen in sec. 3.3, 
the dominant contribution to the weak Hamiltonian comes from the component 
of an (8l, 1_r) operator as shown in ([72|). Since we know empirically from the 
A/ = 1/2 rule that the enhancement of this piece of the weak Hamiltonian 
is quite strong, we shall here make the additional approximation to keep only 
this contribution and drop the rest (related to the operator Q+). This is a 
reasonable approximation for many applications. With the results we have 
derived so far, it is then easy to write down the correct form for £2^^^. The 
structure with two derivatives and the correct transformation properties as an 
(8l, Ir) is given in ([78|). According to ( [72| ) we simply need to take the trace 
with Xq to obtain the right components. Factoring out basic weak interaction 
parameters we can write 

= ^IK.K.Iss^trAei^^SD'^Et (81) 

This Lagrangian introduces one additional parameter, the octet coupling (/g. 
Eq. ( |8l| ) already contains the usual hermitian conjugate part (see (72)). We 



have neglected the small CP violating effects and factored out the common 
leading CKM term V^.Vud = Ks^d = lK*.K<i|. 

Ks TT+n- from C^^=^ 

In order to make predictions, we first need to fix the constant gg. We can use 
the dominant nonlcptonic decay Ks 7r"'"7r~ for this purpose. Expanding the 
interaction term in ( |8l] ) to third order in and keeping only K, K, 7r+ and 
TT^, wc find 

tr Ae^S^St = [n+dKdn- - dKTT-dn+ + {K - K)dTi+dTT-] (82) 

Neglecting CP violation we have Ki = Ks, K2 = Kl, where CPKi_2 = 
±/4:i,2, and (CP = -if) 



Expressing K, K in terms of we obtain for the square brackets in (82) 



[...] = -^Tr+d7r-{dK2 - dKi) - -^tt- dTT+ {dK2 + dKi) + y/2Kid'K+ dir^ 
V 2 V 2 

(84) 
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From ( p^ ) the Fcynman amplitudes for K12 tt+tt can be read off. Denoting 
the momentum of the kaon, 7r+, tt^ by fc, pi, p2, respectively, we get for Ki 

[■ ■ -Ik, ^ (2P1 -^2 + k ■ {P1+P2)) = -V2{ml - ml) (85) 

One may check that the corresponding amplitude for K2 tt+tt^ gives zero, 
as required by CP symmetry. 

From ( |85| ) and ( |8l| ) we obtain the decay amplitude 

A{Ki ^ TT+vr-) - zGF(?8|A„|A(m2^ - m^) (86) 

This gives the branching ratio 



B{Ks - TT+vr-) = ^X^r"^ « - "^^)^ G|5l|A„p/.^ (87) 



Using 

Tifs = 1.3573 • lO^* GeV-i B{Ks -> tt+tt") 0.6861 
we find 

.98 - 5.2 (89) 

We have thus determined gs to lowest order in xPT. Using this result, we 
can make predictions. For instance, expanding ( ^ ) to fourth order in <i>, we 
can derive amplitudes for the decays K — )■ Sir. In this manner xPT relates 
processes with different numbers of soft pions. Such relations, also known 
as the soft-pion theorems of current algebra, are nicely summarized in the 
framework of xPT in terms of the lowest-order chiral Lagrangians. Other 
important applications are radiative decays as Ks 77, to which we will 
come back in the following paragraph. 

So far we have worked at tree level, which is sufhcient at ©(p^). At the 
next order, 0{p'^), one has to consider both tree-level contributions of the 0{p'^) 



terms in the Lagrangians (75), ([76[), and one- loop diagrams with interactions 
from the 0{p'^) Lagrangians. The loop diagrams are in general divergent. The 
divergences are absorbed by renormalizing the couplings at 0{p'^). An example 
will be described below. 

Radiative K Decays 

Electromagnetism and the photon field A^j_ can be included in xPT in the usual 
way. The U{\) gauge transformation for the meson fields is 

S' = t/SJ/t ^ $' = Um\ U = exp(-iege) (90) 



31 




Figure 14: Ki — > 77 in xPT. 

with Q — Q{x) an arbitrary real function and the electric charge matrix Q = 
diag(2/3, — 1/3, — 1/3). Writing out ( pO| ) for the components of one finds 
that each meson transforms with its proper electric charge as the generator. 
With A'^ = — dfj,Q, the covariant derivative that ensures electromagnetic 
gauge invariance is 

D^^ = a^E - ieA^ [Q, S] (91) 

Using this assignment, ( [TT] ) and ( pl| ) include the electromagnetic interactions 
of the mesons. At higher orders in the chiral Lagrangian also terms with factors 
of the electromagnetic field strengths Ffj^^, have to be included. In the chiral 
counting is equivalent to two powers of momentum. 

We finally give a further illustration of the workings of xPT with two 
examples of long-distance dominated, radiative kaon decays. We first mention 
an important theorem for these processes. It says that the amplitudes of 
nonleptonic radiative kaon decays with at most one pion in the final state 
start only at 0{p'^) in xPT. This means there are no tree-level contributions 
at 0(j)^). Such terms are forbidden by gauge invariance. There can only be 
tree-level amplitudes from 0{p'^), and, at the same order, loop contributions 
generated from 0{p^) interactions. Decays that fall under this category are 
K —f 77, K — !■ jl^l^ , K 7r77 or if — > nl^l^ . 

A particularly interesting example is Ks ^ 77. In this case it turns out 
that there is no direct coupling even at 0(p*) and hence no counterterm to 
absorb any divergence from the loop contribution. As a consequence, the one- 
loop calculation (Fig. |lj) is in fact finite. The only parameter involved is gg, 
which we have already determined. The finite loop calculation then gives a 
unique prediction t3. It yields 

B{Ks -> 77) = 2.1 • 10-^ (92) 

This compares well with the,expcrimental result0 (2.4±0.9) • 10~®, which has 
recently been improved toEJ (2.6 ± 0.4) • 10~^. 
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Of course this situation with a finite loop result is somewhat special. A 
more generic case is yr+e+e^, shown in Fig. 11^. Here the loop calcu- 



TT 

e 




Figure 15: K+ Tr+e+e" in xPT. 

lation is divergent and renormalized by the counterterm at O(p^). There is 
now one additional free parameter, which can be determined from the rate of 
— > TT+e'^'e". Other observables as the e+e~ mass spectrum or the rate 
and spectrum of K'^ — > 7r+/i+/x~ can then be predicted. In the same manner 
one can also analyze the amplitude for Ks ir'^e'^e', which determines the 
indirect CP violating contribution in Kl Tr^e+e". Ks — > Tr'^e+e" is very 
similar to — > Tr+e^e", but the required counterterm is different. For this 
reason the measurement of 7r+e+e^ cannot be used to obtain a pre- 

diction for Ks — > TT^e^e". A separate measurement of the latter decay will 
therefore be needed in the future. 



4 The Neutral-JC System and CP Violation 

4-.1 Basic Formalism 

Neutral K mesons can mix with their antiparticles through second order weak 
interactions. They form a two-state system (if" — K'^) that is described by a 
Hamiltonian matrix H of the form 





Mi2\ 




Til Ti2\ 


^^1*2 


Mil) 


-\ 


Til) 



(93) 



where CPT invariance has been assumed. The absorptive part Fy of H ac- 
counts for the weak decay of the neutral kaon. In Fig. ^we show the diagrams 
that give rise to the off-diagonal elements of H . Diagonalizing the Hamiltonian 
H yields the physical eigenstates K^^s- They are linear combinations of the 
strong interaction eigenstates K and K and can be written as 

Kl = Me [(1 + e)K -f (1 - e)K] = pK + qK (94) 
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Figure 16: Diagrams contributing to M12 and ri2 in the neutral kaon system. 



Ks=Me[{l+e)K -{l-e)K\=pK -qK (95) 



with the normalization factor = 1/ ^^2(1 + Here e is determined by 

l-e _q _ Mi*2 - f 



1 + e p [AM + §Ar) /2 



(96) 



where AAf and AF are the differences of the eigenvalues Ml,s — i^L,sl'^ cor- 
responding to the eigenstates Kl,s 

AM = Ml -Ms>0 AF = - Tl > (97) 

The labels L and S denote, respectively, the long-lived and the short-lived 
eigenstate so that AF is positive by definition. We employ the CP phase 
convention CP ■ K — ~K. Using the SM results for M12, T12 and standard 



phase conventions for the CKM matrix (see (121)), one finds in the limit of CP 
conservation (r/ = 0) that e = 0. With (^,^95^ it follows that Kl is CP odd 
and Ks is CP even in this limit, which is close to realistic since CP violation is 
a small effect. As we shall see explicitly later on, the real part of e is a physical 
observable, while the imaginary part is not. In particular (1 — £)/(l -I- e) is a 
phase convention dependent, unphysical quantity. 

A crucial feature of the kaon system is the very large difference in decay 
rates between the two eigenstates, the lighter eigenstate decaying much more 
rapidly than the heavier one (Pg — 579 Pl). The basic reason is the small 
number of decay channels for the neutral kaons. Decay into the predominant 
CP even two-pion final states tt+tt", ■k^tt'^ is only available for ^5, but not (to 
first approximation) for the (almost) CP odd state K^. The latter can decay 
into three pions, which however is kinematically strongly suppressed, leading 
to a much longer lifetime. 
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4-2 Classification of CP Violation 

The fundamental weak interaction Lagrangian violates CP invariance via the 
CKM mechanism, that is through an irreducible complex phase in the quark 
mixing matrix. This leads to a violation of CP symmetry at the phenomeno- 
logical level, in particular in the decays of mesons. For instance, processes 
forbidden by CP symmetry may occur or transitions related to each other by 
CP conjugation may have a different rate. In order for CP violation to man- 
ifest itself in this manner, an interference of some sort between amplitudes is 
necessary. The interference can arise in a variety of ways. It is therefore useful 
to introduce a classification of the various possibilities. We shall discuss it in 
terms of kaons, which are our main concern here, but it is applicable also to D 
and B mesons in a similar way. According to this classification, which is very 
common in the literature on CP violation, we may distinguish between: 

a) CP violation in the mixing matrix. This type of effect is based on CP 
violation in the two-state mixing Hamiltonian H (|9^) itself and is measured 
by the observable quantity Im(ri2/Mi2). It is related to a change in flavour 
by two units, AS' = 2. 

b) CP violation in the decay amplitude. This class of phenomena is charac- 
terized by CP violation originating directly in the amplitude for a given decay. 
It is entirely independent of particle-antiparticle mixing and can therefore oc- 
cur for charged mesons as well. Here the transitions have AS = 1. 

c) CP violation in the interference of mixing and decay. In this case the 
interference of two amplitudes takes place between the mixing amplitude and 
the decay amplitude in decays of neutral mesons. This very important class is 
sometimes also refered to as mixing-induced CP violation, a terminology not 
to be confused with a). 

Complementary to this classification is the widely used notion of direct 
versus indirect CP violation. It is motivated historically by the hypothesis of a 
new superweak interaction which was proposed as early as 1964 by Wolfenstein 
to account for the CP violation observed in tt+tt" decay (see the lectures 

by Wolfenstein in this volume). This new CP violating interaction would 
lead to a local four-quark vertex that changes the fiavour quantum number 
(strangeness) by two units. Its only effect would be a CP violating contribution 
to Mi2, so that all observed CP violation could be attributed to particle- 
antiparticle mixing alone. Today, after the advent of the three generation 
SM, the CKM mechanism of CP violation appears more natural. In principle 
the superweak scenario represents a logical possibility, leading to a different 
pattern of observable CP violation effects. 

Now, any CP violating effect that can be entirely assigned to CP violation in 
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Mi2 (as for the superweak case) is termed indirect CP violation. Conversely, 
any effect that can not be described in this way and exphcitly requires CP 
violating phases in the decay amplitude itself is called direct CP violation. It 
follows that class a) represents indirect, class b) direct CP violation. Class c) 
contains aspects of both. In this latter case the magnitude of CP violation 
observed in any one decay mode (within the neutral kaon system, say) could 
by itself be ascribed to mixing, thus corresponding to an indirect effect. On 
the other hand, a difference in the degree of CP violation between two different 
modes would reveal a direct effect. 

We illustrate these classes by a few important examples. We will also use 
this opportunity to discuss several aspects of kaon CP violation in more detail. 



a) - Lepton Charge Asymmetry 

The lepton charge asymmetry in semileptonic Kl decay is an example for CP 
violation in the mixing matrix. It is probably the most obvious manifestation 
of CP nonconservation in kaon decays. The observable considered here reads 
{I — e or /i) 



A = 



r{KL ^ TT-l+iy) - T{Kl TT+I-P) _ |l + £p- |l-£p 
T{Kl n-l+v) + r{KL TT+l-D) ~ |1 + e|2 + |1 - e|2 

(98) 

If CP was a good symmetry of nature, Kl would be a CP eigenstate and the 



two processes compared in (98) were related by a CP transfornmtion. The rate 



difference A should vanish. Experimentally one finds howevercJ 

Ae^j, = (3.27 ±0.12) • 10^3 (99) 



a clear signal of CP violation. The second equality in (^8|) follows from (|94D, 
noting that the positive lepton Z"*" can only originate from K ~ {sd), l" only 
from K ^ (ds). This is true to leading order in SM weak interactions and holds 
to sufficient accuracy for our purpose. The charge of the lepton essentially 
serves to tag the strangeness of the K, thus picking out either only the K or 
only the K component. Any phase in the semileptonic amplitudes is irrelevant 
and the CP violation effect is purely in the mixing matrix itself. In fact, as 
indicated in (p8|), A is determined by Im(ri2/Mi2), the physical measure of 
CP violation in the mixing matrix. 

From (^9|) we see that A > 0. This empirical fact can be used to define 
positive electric charge in an absolute sense. Positive charge is the charge of 
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the lepton more copiously produced in semileptonic Kl decay. This definition 
is unambiguous and would even hold in an antimatter world. Also, using 
some parity violation experiment, this result implies in addition an absolute 
definition of left and right. These are quite remarkable facts. They clearly 
provide part of the motivation to try to learn more about the origin of CP 
violation. 



h) - CP Violation in the Decay Amplitude 

Observable CP violation may also occur through interference effects in the 
decay amplitudes themselves (pure direct CP violation). This case is concep- 
tually perhaps the simplest mechanism for CP violation and the basic features 
are here particularly transparent. Consider a situation where two different 
components contribute to the amplitude oi a, K meson decaying into a final 
state / 

A = A{K f) = Aie'^^e"^^ + Aze^'^^e''^^ (100) 

Here Ai {i = 1,2) are real amplitudes and 6i are complex phases from CP con- 
serving interactions. The 6i are usually strong interaction rescattering phases. 
Finally the (j^i are weak phases, that is phases coming from the CKM matrix in 
the SM. The corresponding amplitude for the CP conjugated process K —> f 
then reads (the explicit minus signs are due to our convention CP ■ K = —K, 
(CP-f^ /)) 

A = A(K ^ f) = -Aie'^'e-''!'^ - A^e'^^ e'^'*'^ (101) 

Since now all quarks are replaced by antiquarks (and vice versa) compared to 
(|100|), the weak phases change sign. The CP invariant strong phases remain 



the same. From (|10G|) and (101) one finds immediately 



\A\^ - \A\^ - A1A2 sin((5i - 82) sin(0i - ^2) (102) 

The conditions for a nonvanishing difference between the decay rates oi K —t f 
and the CP conjugate K ^ f, that is direct CP violation, can be read off 



from (102). There need to be two interfering amplitudes Ai, A2 and these 
amplitudes must simultaneously have both different weak {(jji) and different 
strong phases (Si). Although the strong interaction phases can of course not 
generate CP violation by themselves, they are still a necessary requirement for 
the weak phase differences to show up as observable CP asymmetries. It is 



obvious from (100) and (101) that in the absence of strong phases A and A 
would have the same absolute value despite their different weak phases, since 
then A = -A*. 
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A specific example is given by the decays K(K) tt+vt (here / = 
TT+vr^ = /). The amphtudes can be written as 

A+- = - yf^Se^'" - ^A*2^''' (103) 

where Aq^2 are the transition amphtudes of K to the isospin-0 and isospin-2 
components of the 7r"'"7r~ final state, defined by 

(7r7r(/ = 0, 2)\Hw\K) = Aoae'^'^-^ (104) 

They still include the weak phases, but the strong phases have been factored 



out and written explicitly in ( |103D , ( |104D . Taking the modulus squared of the 
amplitudes we get 

T{K TT+TT-) +r(i? ^ TT+TT-) " ^""^^ ° ^^Re^Q V ^6^2 Re^Q , 

= 2 Re e' (105) 

The quantity so defined is just twice the real part of the famous parameter e', 
the measure of direct CP violation in iiT ^ tttt decays. The real parts of ylo,2 
can be extracted from experiment. The imaginary parts have to be calculated 
using the effective Hamiltonian formalism. 



We should stress that the quantity in (105) is not the observable actually 
used to determine e' experimentally. We have discussed it here because it is of 
conceptual interest as the simplest manifestation of e'. The realistic analysis 
requires a more general consideration of , Ks — > tttt decays to which we 
turn in the following paragraph. 



c) - Mixing Induced CP Violation in K tttt: s, e' 

In this section we will illustrate the concept of mixing-induced CP violation 
with the example of — > tttt decays. These are important processes, since CP 
violation has first been seen in tt+tt- and as of today our most precise 

experimental knowledge about this phenomenon still comes from the study 
of if — > TTTT transitions. There are two distinct final states and in a strong 
interaction eigenbasis the transitions are K'^,K'^ — > TrTr(/ = 0),tttt(/ — 2), 
with definite isospin for tttt. Alternatively, using the physical eigenbasis for 
both initial and final states, one has Kl, Ks tt+tt-, tt'^tt°. 
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Consider next the amphtude for Kl going into the CP even state 7r7r(/ = 
0), which can proceed via if (1 + e)^o) or via K {\ — £)A'^). Hence (to 
first order in smaU quantities) 

A{Kl ^ ^^{I = 0)) - (1 + e)Aoe'^- ~ (1 - e)Ay^« ^g+i^^^ = e (106) 

KeAo 

This defines the parameter e, characterizing mixing-induced CP violation. 
Note that e involves a component from mixing (e) as well as from the de- 
cay amplitude (ImAo/ReAo). Neither of those is physical separately, but e is. 
Note also that the physical quantity Ree discussed above satisfies Ree = Ree. 
More generally one can form the following two CP violating observables 

_ A(jf^^7r+^-) _ A(Kl ^ 7r°^°) 

These amplitude ratios involve the physical initial and final states and are 
directly measurable in experiment. They are related to e and e' through 

+ e' Voo = e- 2e' (108) 

The phase of e is given by e = |e| exp(i7r/4). The relative phase between e' 
and e can be determined theoretically. It is close to zero so that to very good 
approximation e' /e — Re(e'/e). 

Both 77_| and r/oo measure mixing-induced CP violation (interference be- 
tween mixing and decay). Each of them considered separately could be at- 
tributed to CP violation in K-K mixing and would therefore represent indirect 

CP violation. On the other hand, a nonvanishing differencej^i — ryoo = Se' ^ 

is a signal of direct CP violation. Experimentally one hascj 

|e| = (2.282 ±0.019) • 10"^ (109) 

The quantity e' can be measured as the ratio Re(e'/e) « e'/e using the 
double ratio of rates 

■n+_ 

Voo 

Ten years ago, and until recently, the experimentajLsituation was characterized 
by the following, somewhat inconclusive results E30: 

£^ _ r (23 ± 7) • lO-'^ CERNNA31 

£ ~ \ (7.4 ± 5.9) • 10-4 FNAL E731 ^ ' 

In particular the second measurement was well compatible with zero. A new 
round of experiments, conducted at both CERN and Fermilab, was therefore 



2 



1 + 6 Re- (110) 

e 
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anticipated with gEeal- interest. The recent resuhs have firmly estabhshed 
direct CP violationBEa: 

£^ _ r (28.0 ± 4.1) • 10-4 FNAL KTeV 

e ~ \ (14.0 ± 4.3) • 10-* CERN NA48 ^ ' 

These results rule out the superweak hypothesis, at least in its most stringent 
form. The analyses of the experiments are currently still ongoing and should 
eventually settle the value of e'/e to an accuracy of (1 — 2) • lO"*. 

4-3 Theory of e and the Unitarity Triangle 
Calculation of e 



In the theoretical expression for s in ( |106D , the term Im^o/R-G^o is numeri- 
cally negligible (in standard phase convention). The value for e is then ap- 
proximately given by e from (|9^) , and can be written as 

s = eW4l^ (113) 
V2AM 

Mi2 is related to the first diagram shown in Fig. ^ It is given by 

Mi2 - ^{K^\Hfff^\K^) (114) 

Here Hffjr"^ is the effective Hamiltonian for AS* — 2 transitions, which is 
derived from the box diagrams for M12 in Fig. |l^ by performing an operator 
product expansion. In this case there is only a single operator 

Q^s=^ = {ds)v-A{ds)v-A (115) 

in the effective Hamiltonian. One obtains explicitly 

s — e ' — rffc 

12^2 ^^Mk 

■Im [\fSo{xc)vi + \fSo{xt)v2 + 2XlX;So{x„ Xt)v3] (116) 

Here Ai = V*.Vid, fn = 160 MeV is the kaon decay constant and, at NLO, the 
bag parameter Bk is defined by 



(117) 
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Table 1: NLO results for n with A^IL 
' MS 



(325 ± 110) MeV, mc{mc) = (1.3 ± 0.05) GeV, 
mt{mt) = (170 ± 15) GeV. The third column shows the uncertainty due to the errors in 
A-jg^ and quark masses. The fourth column indicates the residual renormalization scale un- 
certainty at NLO in the product of rji with the corresponding mass dependent function from 
eq. (116). These products are scale independent up to the order considered in perturbation 



theory, i'he central values of the QCD factors at LO are also given for comparison. 





NLO (central) 




scale dep. 


NL 





ref. 


LO (central) 


m 


1.38 


±35% 


±15% 








1.12 


m 


0.574 


±0.6% 


±0.4% 




27 




0.61 


m 


0.47 


±3% 


±7% 









0.35 



{K'^\{d.s)v-A{ds)v-A\K'') = ^BMflml (118) 



The index (3) in eq. (117) refers to the number of ILaYOurs in the effective 
theory and J3 = 307/162 (in the so-called NDR schemcB). 
The Wilson coefficient multiplying Bk in ( |116| ) consists of a charm contribu- 
tion, a top contribution and a mixed top-charm contribution. It depends on 
the quark masses, Xi = mf/My^, through the functions Sq. The rji arc the cor- 
responding short-distance QCD correction factors (which_depend only slightly 
on quark masses). Detailed definitions can be found in 113. Numerical values 
for rji , 772 and 773 are summarized in Table 0. 

Concerning these results the following remarks should be made. 

• e is dominated by the top contribution 70%). It is therefore rather 
satisfying that the related short distance part 772 5*0 (x*) is theoretically 
extremely well under control, as can be seen in Table ^ Note in par- 
ticular the very small scale ambiguity at NLO, ±0.4% (for 100 GeF < 
/it < 300 GeV). This intrinsic theoretical uncertainty is much reduced 
compared to the leading order result where it would be as large as ±9%. 

• The r]i factors and the hadronic matrix element are not physical quan- 
tities by themselves. When quoting numbers it is therefore essential 
that mutually consistent definitions are employed. The factors 77^ de- 
scribed here are to be used in conjunction with the so-called scale- (and 



scheme-) invariant bag parameter Bk introduced in (117). The last 



factor on the right-hand side of (117) enters only at NLO. As a numer 



ical example, if the (scale and scheme dependent) parameter Bpcip) is 



given in the NDR scheme at /i = 2GeV, then (117) becomes Bk 
BK{NDR,2GeV) ■ 1.31 • 1.05. 
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• The quantity Bk has to be calculated by non-perturbative methods. A 
representative range is 

0.80±0.15 (119) 
The status of Bk is reviewed in0 

Determination of the Unitarity Triangle 

The source of CP violation in the standard model (SM) is the Cabibbo- 
Kobayashi-Maskawa (CKM) matrix V entering the charged-current weak in- 
teraction Lagrangian 

Ccc = ^V^jua^il - To)djW+ + h.c. (120) 

where (^1,^271*3) = (u,c,t), ((^1,^2,^3) = id;S,b) are the mass eigenstates of 
the six quark flavours and a summation over i,j — 1, 2, 3 is understood. 
The unitary CKM matrix has the following explicit form 

'KdKsKbN / I-AV2 A AX^g-iT^y 

\ Vcd Vcs ycb\^\ -A 1 - AV2 AA2 I (121) 

Vtd Vts Va) \A\^{1- Q-iri) -A\^ 1 

where the second expression is a convenient parametrization in terms of A, A^ 
Q and 77 due to Wolfenstein. It is organized as a series expansion in powers 
of A = 0.22 (the sine of the Cabibbo angle) to exhibit the hierarchy among 
the transitions between generations. The explicit parametrization shown in 



(121) is valid through order C'(A'^), an approximation that is sufhcient for 
most practical applications. Higher order terms can be taken into account if 
necessary 

The unitarity structure of the CKM matrix is conventionally displayed 
in the so-called unitarity triangle, Fig. |l^ (left). This triangle is a graphical 
representation of the unitarity relation VudV*^+VcdV*f^+VtdV^l = (normahzed 
by —VcdV*!^! in the complex plane of Wolfenstein parameters {g, rf). The angles 
a, [3 and 7 of the unitarity triangle are phase convention independent and can 
be determined in CP violation experiments. The area of the unitarity triangle, 
which is proportional to 77, is a measure of CP nonconservation in the standard 
model. 

We briefly summarize the main ingredients of the standard analysis of 
the unitarity triangle, where e plays a central role. There are 4 independent 
parameters A, A^ g and 77 in the CKM matrix, which are determined from 4 
measurements as follows: 
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Figure 17: The normalized unitarity triangle in the {g, 'rf) plane (left), and its standard 
determination (right). 



• A = 0.22, from K'^ n'^l^iy, or from semileptonic hyperon decay (A 
peP, I]~ — !■ nei?, S~ — > AeP). 

• Vcb = AX^ = 0.040 ± 0.002, from b civ transitions. 



• \Vub/Vcb\ = Xy/'^~frf = 0.09 ± 0.02, from b ~> ulv transitions. 

• \s\^r, ((1 - g)A^Simt) + c) A^Bk 

with Bk = 0.80 ± 0.15, from indirect CP violation in K tttt. 



Under the final item we have indicated the dependence of e (from (116)) 



on the most important parameters, writing the CKM quantities explicitly in 
Wolfenstein form. Here c denotes a constant that is independent of A, g, ry, 
mt and Bk- 

The standard determination of the unitarity triangle is illustrated in Fig. 
|l7| (right). The relevant input parameters are Bk: rrit, Vcb and iKib/V'cbl- For 
fixed Bk, mt and Vcb, the measured |e| determines a hyperbola in the g-rj plane 
of Wolfenstein parameters. Intersecting the hyperbola with the circle defined 
by iKtb/K&l determines the unitarity triangle (up to a two- fold ambiguity). 
There is a simple regularity, which is quite useful and easy to remember: As 
any one of the four input parameters becomes too small (with the others held 
fixed), the SM picture becomes inconsistent (see Fig. |l^). Using this fact, lower 
bounds on these parameters can be derived. The large value that has been 
established for the top-quark mass in fact helps to maintain the consistency of 
the SM. 

In principle, once the unitarity triangle is fixed in this manner, any further, 
independent measurement of a quantity in the {g, rj) plane provides us with 
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Figure 18: The allowed region (shaded) in the f\) plane, combining information from e, 
|Vuf,/Vc5| and including the constraint from AAfj. The independent constraint from the 
lower limit on AM^/AM^j excludes the region to the left of the curves labeled with AM^ in 
the plot. ^ ~ 1.2 measures SU{3) breaking in the hadronic matrix elements of B^-B^ versus 
Bs-Bs mixing. 



an additional standard model test. In practice, however, the accuracy of such 
a test is limited by hadronic uncertainties, which enter mainly through Bk 
and |Kib/Vcb|. Useful additional restrictions come from B-B mixing. Both 
AMd and AMd/ AMg, where AMq is the mass difference in the Bq-Bq system, 
constrain -^(1 — qY + 'rf' ■ The ratio AMd/ AMg is particularly important, 
because the hadronic uncertainties cancel in the limit of SU{S) symmetry. 
Currently, while AMd is well measured, only a lower bound AMs > 14.3 ps~^ 
exists at present. However, already this bound is interesting. Together with 
AMd, it implies a quite clean upper bound on \/ {I — qY + if - This essentially 
excludes negative values of severely restricting the allowed range of g and 77. 

The results of a complete analysis of the unitarity triangle are shown in 
Fig. Here the axes are labeled by ^ = q{1 - A^/2) and = 77(1 - A^/2), 
instead of g and 77. In this way higher terms in the Wolfenstein expansion 
~ A^, which can be neglected to first, approximation, are consistently taken 
into account. The plot is taken fromE3 where further details can be found. 
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4-.4 Calculating e'/e 



The formula for e' /e, which can be derived from the definition in ( |l07| ), ( |108|) , 
is given by 

e' ^ f Imyl2 ImAo " 



e ^/2\e\ \RcA2 RcAc 



(122) 



where uj = ReA2/ReAo. This may be compared with (105) using 

arg(e') = f + '52-<5o« J (123) 
The expression (|l22| ) for e'/e may also be written as 



£ 

e 



UJ 



V2|e|Re^o 



f ImAo - — Im^; 



(124) 



Im^o,2 are calculated from the general low energy effective Hamiltonian for 
AS* = 1 transitions (Esl), which we have described in sec. 3.4. One has 



G 



10 



ImAo,2 = -ImAt^ ^?/i(/i)((3i)o,2 



(125) 



Here are the Wilson coefficients and (Qj)o 2e*'^'» " = (7r7r(/ = Q,2)\Q^\K^), 

For the purpose of illustration we keep only the numerically dominant contri- 
butions and write 



LoGf 



£ 2|£|ReAo 



ImAt 2/6(Q6)o 2/8 (Qs) 2 + 



(126) 



Qq originates from gluonic penguin diagrams and Qg from electroweak contri- 
butions, as indicated schematically in Fig. |l^. The matrix elements of Qg and 
Qg can be parametrized by bag parameters Bq and as 



(Q6)o = -4 
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Be (127) 



(128) 



Be = Bg = 1 corresponds to the factorization assumption for the matrix 
elements, which holds in the large Nc limit of QCD. 
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Figure 19: Gluonic and electroweak penguin contributions, which give rise to operators 
and Qg, respectively. 



The numerical importance of the contributions from Qe and Qg can be 
understood as follows. Qg.s are particular because they are of the {V — A) ® 
{V + A) form, which results in a (5 + P) (8) (S* — P) structure upon Fierz 
transformation. Factorizing the matrix element of such operators gives for 
example 



(vr+vr \{su)s+p{ud)s-p\K) 
Taking the derivative {d^) of 



{'K-\su\K) ■ (7r+|w75(i|0) 



{■k"^ (p)\{u-f^,-f^d)(x)\Q) = f^p^.e' 
and using the equations of motion, we find 



(129) 



(130) 



''K 



Wis + md 



(131) 



A second 



Here the second equality follows from the xPT relations in ( p 
factor of m?^ j (nig + rad) comes in a similar way from the scalar current matrix 



element (tt |su|_R'). This explains the quark mass dependence in (127) and 
(|12|). Since 



''K 



md 



= Bo = O(Aqcd) 



(132) 



we see that the matrix elements are primarily not proportional to (m^ +mj;)^^, 
but to i?o, which remains finite in the chiral limit m^, md — > 0. However mK 
is precisely known and it is customary to trade the xPT parameter i?o for 
the quark masses m^ + md ~ m^. Because Bq is numerically, and somewhat 
accidentally, quite large (equivalently, the quark masses quite small), the ma- 
trix elements of Qe,a sue systematically enhanced over those of the ordinary 
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— A) (g) (y — A) operators. Q5 and Qj have a Dirac structure similar to Qq 
and Qs, but a different colour structure, which leads to a 1/Nc suppression. 
In addition their Wilson coefficients are numerically smaller. This implies that 
Qe and Qs give the dominant contributions. 



VeiQejo and ys{Qa)2 are positive numbers. The value for e'/s in (126) is 
thus characterized by a potential cancellation of two competing contributions. 
Since the second contribution is an electroweak effect, suppressed by ~ a/ as 
compared to the leading gluonic penguin {Qejoj it could appear at first sight 
that it should be altogether negligible for e' /e. However, a number of circum- 
stances actually conspire to systematically enhance the electroweak effect so 
as to render it a sizable contribution: 



Unlike Qq, which is a pure A/ =1/2 operator, Qg can give rise to the 
7r7r(/ = 2) final state and thus yield a non-vanishing ImA2 in the first 
place. 

The 0{a/as) suppression is largely compensated by the factor l/w w 22 
in (M^), reflecting the A/ = 1/2 rule. 



—ys{Qs)2 gives a negative contribution to e'/e that strongly grows with 
mt- For the realistic top mass value it can be substantial. 



In order to estimate e'/e numerically (see (126)), the hadronic matrix 
elements have to be determined within a nonperturbative framework (e.g. lat- 
tice QCD, I/Nq expansion, chiral quark model), while the coefficients yi are 
known from perturbation theory, and Re^oi "-^i Gp, \e\ are fixed from exper- 
iment. Finally, the CKM quantity ImAt ^ 77 is obtained from the standard 
determination of the unitarity triangle described in the previous-section. 

The Wilson coefficients yi have been calculated at NLOE2l'E3. The short- 
distance part is therefore quite well under control. The remaining problem is 
then the computation of matrix elements, in particular Bq and Bs- The cancel- 
lation between these contributions enhances the relative sensitivity of e'/e to 
the anyhow uncertain hadronic parameters which makes a precise calculation 
of e'/e impossible at present. 



The order of magnitude of e' can however be understood from (122). The 
size of luiAi/KeAi is essentially determined by the small CKM parameters 
that carry the complex phase and which are related to the top quark in the 
loop diagrams of Fig. |l^. Roughly speaking ImAi/ReAi ~ ImV(*Vtd ^ 10^^. 
Empirically we have, from the A/ =1/2 rule, ReA2/KeAo ~ 10^^. This leads 
to a natural size of e' of ^ 10~^, thus e'Z£.pi 10"'^. 

A complete analysis gives the result Ejcj 

1.4 • 10"'' < e'/e < 32.7 • 10"'' (scanning) (133) 
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Figure 20: The leading order electroweak diagrams contributing to K —r nui/ in the standard 
modeL 



5.2 • lO"'^ < e'/e < 16.0 • 10"-* (Gaussian) (134) 



This is compatible with the experimental results (111), (112) within the rather 
large uncertainties. The two ranges refer to different treatments of uncer- 
tainties in the experimental input: the assumption of Gaussian errors- qtJlat 
distributions (scanning). Similar findings are reported by other groupsE^ A 
detailed review of the theoretical status of e'/e, including recent developments 
(hadronic matrix elements, final state interactions, iaospin breaking corrections 
etc.), along with further references can be found inE^I. 

The recent experimental confirmation that indeed e' ^ constitutes a 
qualitatively new feature of CP violation and is as such of great importance. 
However, due to the large uncertainties in the theoretical calculation, a quanti- 
tative use of this result for the extraction of CKM parameters is unfortunately 
rather limited. For this purpose one has to turn to theoretically cleaner ob- 
servables. As we will see in the next section, rare K decays in fact offer very 
promising opportunities in this direction. 



5 Rare K Decays 

5.1 — !■ -K^vv and Kl — > 7r°z/i/ 

The decays K ■nvD proceed through flavour changing neutral currents. 
These arise in the standard model only at second (one-loop) order in the 
electroweak interaction (Z-penguin and W-box diagrams. Fig. po| ) and are 
additionally GIM suppressed. The branching fractions are thus very small, at 
the level of 10^^", which makes a detection of these modes rather challenging. 
However, the loop process K — > -kvv, a genuine quantum effect of standard 
model flavour dynamics, probes important short distance physics, in particular 
properties of the top quark (mt, Vtd, Vts)- It is also very sensitive to poten- 
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tial new physics effects. At the same time, the K —t 'kvv modes are rehably 
calculable, in contrast to most other decay modes of interest. A measurement 
of TT^vv and Kl iv^vv will therefore be an extremely useful test of 

flavour physics. 

Let us discuss the main properties of these decays, concentrating first on 
the charged mode. The GIM structure of the amplitude can be written as 

^ X,F{x,) = \AF{x,)-F{xu)) + \t{F{xt)~F{xu)) (135) 



with \i = V*.Vid and Xi = mf/AI^. The first important point is the character- 
istic hard GIM cancellation pattern, which means that the function F depends 
as a power on the internal mass scale 

- - 10-5 « F{xc) ^ ^ In — ^ 10-3 « Fixt) ^ 1 (136) 

The up-quark contribution is a long-distance effect, determined by the scale 
^QCD- As an immediate consequence, top and charm contribution with their 
hard scales mj, nic dominate the amplitude, whereas the long-distance part 
F{xu) is negligible. Note that the charm contribution, Ac F{xc) ^ IQ-^ • IQ-'^, 
and the top contribution. At F(xt) ^ IQ-'^-l, have the same order of magnitude 
when the CKM factors are included. 

The origin of the hard GIM mechanism is the fact that the neutrinos only 
couple to the heavy gauge boson W and Z . It is interesting to contrast the 
situation with K'^ Tr+e+e" , where photon exchange can contribute as shown 
in Fig. ^ For simplicity we consider the case of internal quarks that are light 
compared to Mw- The W propagator can then be contracted and the loop 
reduces essentially to a vacuum polarization diagram. Electromagnetic gauge 
invariance, which is unbroken, requires the sd-photon vertex to have the form 

T,{q) ^ s^il - I5)d ■ [q^g^u - q^^qu) In ^ (137) 

rrii 

where q is the photon momentum and we assumed q^ ^ mf <C M'h,. The 



structure in (137) ensures current conservation, q^Vy{q) = 0. When the vertex 
is contracted with the electron current e'^'^e, the q^iqu term vanishes by the 
equations of motion. The q^ factor of the remaining term is canceled by the 
photon propagator, which yields a local (sd)y_A(ee)y interaction and a loop 
function 

F(x,)~ln— (138) 
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Figure 21: Soft GIM mechanism in the photon penguin. 



The logarithmic behaviour of the photon penguin is refered to as the soft GIM 
mechanism. It is in contrast to the hard GIM structure arising from the W 
and Z contributions where gauge symmetry is spontaneously broken, leading to 
the power behaviour ~ (mf/M^) ln.{M w /n ij). The unsuppressed sensitivity 
to the light quark mass rm = m„ in (138) is a signal of the long-distance 
dominance in the K'^ — s- 7r+e+e^ amplitude. Of course, xPT is needed for 
a consistent analysis in this case. The quark-level result in (138), derived in 
perturbation theory, is strictly speaking not valid, but it is enough to indicate 
the long-distance sensitivity and the order of magnitude of the contribution. 

The short-distance dominance of the s —^ dvv transition next implies 
that the process is effectively semileptonic, because a single, local operator 
{sd)v~A{vi')v~A describes the interaction at low-energy scales. Hence the 
amplitude has the form 



A{K+ ^ TT+uD) ^ GpaiX^F, + XtFt){n+\{sd)v\K+) {Vu)v^a (139) 

The coefficient function XcFc -I- At Ft is calculable in perturbation theory. The 
hadronic matrix element can be extracted from n'^e'^h' decay via the 

isospin relation (p^. The tt^vv amplitude is then completely deter- 

mined, and with good accuracy. 

The neutral mode proceeds through CP violation in the standard model. 
This is due to the definite CP properties of X^, iv^ and the hadronic transition 
current {sd)v-A- Using 

CP|7r°) = CP|if") = CP isd)v (CP)-^ = -{ds)v 

(140) 
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we have 

- -(TT\ds)v\K') (141) 

(The axial vector currents {sd)A, {ds)A do not contribute to the K ^ tt tran- 
sition because of parity.) With Kl = {K^ + K^)/^/2 ( the e-contribution is 
neghgible) we then obtain for the matrix element of the hadronic transition 
current 

(^°|A,(sd),/ + X*{ds)v\KL) - ImA, (142) 

where Xi is the appropriate CKM factor. This demonstrates the CP violating 
character of the leading standard model amplitude for —> tt^uu. For sim- 
plicity we have given the argument here assuming standard phase conventions. 
A manifestlji-phasc convention independent derivation of the same result is 
discussed incS. The amplitude then has the form 

A{Kl TT°vD) - ImAt Ft + ImAc (143) 

where 

ImAt Ft - 10"^ • 1 > ImAc F^ - 10""* • 10"^ (144) 

The violation of CP symmetry in Kl — > tt'^vv arises through interference be- 
tween K°-K° mixing and the decay amplitude. This mechanism is an example 
of mixing-induced CP violation. In the standard model, the mixing-induced 
CP violation in ir'^vv is larger by orders of magnitude than the one in 

Kl TT+TT^, for instance. This is because 



A{Kl TT^VV) 

A{Ks n'^vv) 



0{\) (145) 



in contrast to the per-mille-size ratios in (107). Any difference in the magnitude 
of mixing induced CP violation between two decay modes is a signal of 
direct CP violation. For this reason, the standard model decay Kl n^vv is 
a signal of almost pure direct CP violation, revealing an effect that can not be 
explained by CP violation in the K — K mass matrix alone. 

The K — > irvv modes have been studied in great detail over the years 
to quantify the degree of theoretical precision. Important effects come from 



at leading order inli3. 
reduce the theoretical 



short-distance QCD corrections. These were coip^p^p 
The complete next-to-leading order calculations 
uncertainty in these decays to ~ 5% for K^ tt^vv and ^ 1% for Kl 
■K^vv. This picture is essentially unchanged when further small effects are 
considered, including isospin breaking in. the relation oi K -kvv to K^ — > 
long-distance contributions e3e2I, the CP-conserving effect in Kl 



TT 
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Table 2: Compilation of important properties and results for K — » nuu. 











CP conserving 


CP violating 


CKM 


Vtd 


ImVtlVtd ^ Jcp ~ V 


contributions 


top and charm 


only top 


scale dep. (BR) 


±20% (LO) 
-> ±5% (NLO) 


±10% (LO) 
^ ±1% (NLO) 


BR (SM) 


(0.8 ± 0.3) • 10-^"' 


(2.8 ± LI) • lO^'j-. 


exp. 


(1.5+^:2) • 10"^*^ BNL 7870 


< 5.9 • 10-'^ KTevS 



p^i^i^ in the standard modelE^j'Erl, two- loop electroweak corrections forJarge nit 
c3 and subleading-power corrections in the OPE in the charm sector Eil. 

While already n'^vv can be reliably calculated, the situation is even 

better for —> tt^vv. Since only the imaginary part of the amplitude con- 
tributes, the charm sector, in — )■ tt^vD the dominant source of uncertainty, 
is completely negligible for — * tt'^vD (0.1% effect on the branching ratio). 
Long distance contributions ( ^ 0.1%) and also the indirect CP violation ef- 
fect ( ^ 1%) are likewise negligible. The total theoretical uncertainties, from 
perturbation theory in the top sector and in the isospin breaking corrections, 
are safely below 3% for B{Kl tt^vv). This makes this decay mode truly 
unique and very promising for phenomenological applications. 

In Table ^ we have summarized some of the main features of — > i^^vv 
and Kl — > tt^vv. Note that the ranges given as the standard model predictions 
in Table ^ arise from our, at present, limited knowledge of standard model 
parameters (CKM), and not from intrinsic uncertainties in calculating the 
branching ratios. 

With a measurement of B{K^ tt^vv) and B{Kl n'^vv) available 
very interesting phenomenological studies could be performed. For instance, 
B{K^ — > TT^vv) and B{Kl — > tt^vv) together determine the unitarity triangle 



(Wolfenstein parameters g and 77) completely (Fig. 22). The expected accuracy 
with ±10% branching ratio measurements is comparable to the one that can 
be achieved by CP violation studies at B factories before the LHC eracJ. 
The quantity B{Kl — > ir'^vv) by itself offers probably the best precision in 
determining ImV^^Vtd or, equivalently, the Jarlskog parameter 



Jcp - lui{V:,VuVusV:d) = ^ (l - y) I^A* (146) 
The prospects here are even better than for B physics at the LHC. As an 
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example, let us assume the following results will be available from B physics 
experiments 

sin 2a = 0.40 ±0.04 sin 2/? = 0.70 ± 0.02 Kb = 0.040 ± 0.002 (147) 

The small errors quoted for sin 2a and sin 2/3 from CP violation in B decays 
require precision measurements at the LHC. In the case of sin 2a we have to 
assume in addition that the theoretical problem of 'penguin-contamination' 
can be resolved. These results would then imply ImA* = (1.37 ± 0.14) • 10~^. 
On the other hand, a ±10% measurement B{Kl tt^vv) = (3.0 ±0.3) • 10"" 
together with mt{mt) = (170±3)Gey would give ImAt (1.37 ±0.07) • lO^*. 
If we are optimistic and take B{Kl — > tt^vv) = (3.0 ±0.15) • 10~^^, mt{mt) — 
(170 ± l)GeV, we get ImAt = (1-37 ± 0.04) • lO"'', a remarkable accuracy. 
The prospects for precision tests of the standard model flavour sector will be 
correspondingly good. 

The charged mode n'^vD is still being studied by Brookhaiien ex- 

periment E787, which will be followed by a successor experiment, E949EZI. Re- 
cently, a new experiment, CKME3, has been proposed to measure — > tt^vi' 
at the Fermilab Main Injector, studying K decays in flight. Plans to imz.estigate 
this process also exist at KEK for the Japan Hadron Facility (JIIF)E3. 

The neutral mode, Kl tt'^vv, is currently pursued by KTeV. For Kl 
tt'^vv a model independent upper bound can be infered from the experimental 
result OTi_K^ — s- tt+z^P, which at present is stronger than the direct experimen- 
tal limita. It is given by B{Kl -> tt^vv) < 4AB{K+ tt+vv) < 2 • 10"^. At 
least this sensitivity will have to be achieved before new physics is constrained 
with B{Kl — ■k'^vv). Concerning the future of Kl — > 'k'^vv experiments, a 
proposal exists at BrookhavenXBNL E926) to measure this decay at the AGS 
with a sensitivity of 0(10"^^) E^. There are fuEthermore plans to pursue this 
mode with comparable sensitivity at Fermilab e3 and KEKE3. Prospects for 



53 



Kl TT^vv at a (/i- factory were discussed in a. 
5.2 Kl 7r"e+e- 

The electric charge of the leptons and the resuhing interaction with photons 
make the decay Kl — > 7r*'e"'"e~ more comphcated than Kl —>■ tt^w. The 
short-distance dominated part of the Kl —>■ ir'^e'^e^ amphtude can be analyzed 
using OPE and the renormalization group in analogy|-tp the case of the AS = 1 
effective Hamiltonian. This approach is reviewed inllj. Here we would like to 
give a qualitative discussion, which highlights the characteristic points and also 
summarizes the main differences between Kl — * Tr'^e+e" and Kl —> 'k^vv. 

The basic diagrams for Kl — > 7r°e+e~ are similar to those for Kl n^vv, 
except that also a photon can be exchanged instead of the Z boson in the 
penguin diagrams (see Fig. ^0|). Taking the GIM mechanism into account, the 
structure of the effective Hamiltonian reads 

neff^\t{Ft-F,) + \^{Fu-F,) (148) 

Recalling that we can write Kl ~ K2 + eKi, where K2 {Ki) is the CP odd 
(CP even) neutral kaon state, the decay amplitude takes the form 

A{Kl ^ ^"//) - 

ImXtiFt ~Fc)+e [Re\t{Ft - F^) + ReA„(K - Fc)] 



10"* -1 +10" 



10~* -1 +10" 



10-' f^u 
1 f = e 

Here we have kept the expression general to allow for the cases / = e and 
u. We have assumed the structure of the short-distance Hamiltonian for this 
exercise, although this is not strictly correct for the parts that are sensitive to 
long-distance physics. However it is sufficient for the qualitative argument we 
would like to make. We recall a few points from the discussion in the section 
on — > -nvv. 

First, as we have seen, the K2 component yields an amplitude proportional 
to the imaginary parts of the CKM elements. Correspondingly, the Ki am- 
plitude (opposite CP), which is multiplied by e, gives the real parts. Second, 
we need to consider that the GIM mechanism is hard for f = v and soft for 
/ = e. This implies Ft ^l,F^^ lO'^, F^ ^ lO^^ foj. f and F^^ca ^ 1 for 
f = e. Third, we determine the hierarchy of the CKM elements. Putting this 
information together, we find the order-of-magnitude estimates shown above 
for the various terms. 

For f = v we recover what we already know from the previous section: The 
amplitude is purely from direct CP violation (the e-component is negligible) 
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Figure 23: CP conserving two-photon contribution to Ki^ Tr^e+e . 

and it is dominated by short-distance physics (only Ft, Fc contribute). For 
f — ewe can read off: Both direct and indirect CP violation contribute at the 
same order 10~'*) and the latter component is determined by long-distance 
dynamics {Fu). 

In addition to what we have discussed so far, a long distance dominated, 
CP conserving amplitude with two-photon intermediate state can contribute. 
Although it is of higher order in the electromagnetic coupling, it can potentially 
compete with the other contributions because those are suppressed by CP 
violation. Treating Kl TT^e'^e^ theoretically one is thus faced with the 
need to disentangle three different contributions of roughly the same order of 
magnitude. 

• Direct CP violation: This amplitude is short-distance in character, the- 
nretically clean and has been analyzed at next-to-leading order in QCD 
E3. Taken by itself this mechanism leads to a 7r°e+e~ branching 
ratio of (4.5 ± 2.6) • 10^^^ within the standard model. 

• Indirect CP violation: This part is given by e • A{Ks — > 7r"e+e~). 
The Ks amplitude is dominated by long distanrp.. physics and has been 
investigated in chiral perturbation theory E3'E3E3Cj. Due to unknown 
counterterms that enter this analysis a reliable prediction is not possible 
at present. The situation would improve with a measurement oi B{Ks 
7r°e+e~), which could become possible at the CERN experiment NA48 
or with KLOE at DA$NE, the Frascati ^-factory. Present day estimates 
for B{Kl 7r"e+e^) due to indirect CP violation alone allow values of 
10-12 - 10-10. 

• The CP conserving two-photon contribution is agaiuJang- distance dom- 
inated. It has been analyzed by various authors E3'E2Hlll. The estimates 
are typically a few lO"^'^. Improvements in this sector might be possible 
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Figure 24: The dominant contribution to Ki^ — > fi'^ fi~ . 

by further studying the related decay Kl — > 77^^77 whose branching ratio 
has already been measured to be (1.7 ± 0.1) • 10~^. 

Originally it had been hoped that the direct CP violating contribution 
would be dominant. It is possible that the CP conserving part is not too 
important. However, this is unlikely to be true for the amplitude from indirect 
CP violation. Experimental input on Ks 7r*^e+e~ will be indispensable 
to solve this problem. We also mention that the CP violating contributions 
interfere with a relative phase, which is known up to a sign ambiguity. The 
CP conserving part simply adds incoherently to the decay rate. 

Besides the theoretical issues, Kl Tr^e+e" is also challenging from an 
experimental point of view. The expected branching ratio is even smaller than 
for Kl TT^vv. Furthermore a serious irreducible physics background from 
the radiatirwe mode Kl — » 6+6^77 has been identified, which poses additional 
difficulties tl. A background subtraction seems necessary, which should be pos- 
sible with enough events. Additional information jCauld in principle also be 
gg^by studying the electron energy asymmetry or the time evolution 

5.3 Kl^ M+M" 

Kl fJ'^ 1^^ receives a short distance contribution from Z-penguin and W- 
box graphs similar to if — > nvD. This part of the amplitude is sensitive to 
the Wolfenstein parameter g. In addition — > proceeds through a 

long distance contribution with the two-photon intermediate state, which ac- 
tually dominates the decay completely (Fig. |2j) . The long distance amplitude 
consists of a dispersive (Adis) and an absorptive contribution (Aats)- The 
branching fraction can thus be written 

B^Kl ^ = 1^5^ + Ad,s\'' + \Aabs\^ (149) 
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Using B{Kl 77) it is possible to extractB \Aabs? = (7.1 ± OJl^lII^^. A^is 
on the other hand cannot be calculated accurately at present IIj'LBLjIIZI. This 
is rather unfortunate, in particular since B{Kl — > fi'^^J,~) has already been 
measured with very good precision 

B{Kl = (7.18 ± 0.17) • 10"^ BNL 871 (150) 

Interestingly, the absorptive_contribution essentially saturates the total rate. 
For comparison we note thatE3B(i4:L ^ M^A*")sd = I^SDp = (0.9±0.4)-10"^ 
is the expected branching ratio in the standard model based on the short- 
distance contribution alone. Because Adis is largely unknown, — > is 
at present not a very useful constraint on CKM parameters. 

6 Flavour Physics with Charm 

6.1 Rare D Decays 

Weak decays of charmed particles, D mesons in particular, can also be used 
to probe the physics of flavour. Due to the characteristic pattern of standard 
model weak interactions, rare processes with D mesons are markedly different 
from their kaon counterparts. First of all, the charm quark mass mc ~ 1.4 GeV 
is considerably bigger than the strange quark mass, and also the QCD scale 
A.QCD- Sometimes methods from the theory of heavy quarks can be employed 
for charmed particles, although they are less reliable than in the case of the 
much heavier B mesons (see the lectures by Falk in this volume for a general 
discussion in the context of B physics). This situation makes a theoretical 
treatment of D decays more difficult than for the heavy B mesons on one 
hand, and for the light kaons on the other. 

More important, however, is the fact that charm is a quark with weak 
isospin = +1/2, in contrast to s and b. For this reason the virtual particles 
appearing in FCNC loop diagrams are the down- type quarks d, s, b, rather 
than u, c, t familiar from K and B physics. Examples of rare D decays are 

pj, D-> nl+r, D ^ 77, D ^ TTvv (151) 

They proceed through c-^ u FCNC transitions and their AC = 1 amplitudes 
have the generic form 

= V:,Vus{Fs - Fd) + V^MFb - Fd) (152) 

where Fi is the amplitude with internal quark i — d, s, b. A potentially large 
contribution could come from Fb, which can have a quadratic mass dependence 
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~ m'l/M'^. This exceeds the contribution from hght flavours in the loop, but 
it is still much smaller than virtual top effects. In addition, the &-quark contri- 
bution is very strongly CKM suppressed since V*^Vub ~ A^. On the other hand, 
V*i.Vus ~ A is much larger, but this term is multiplied by Fs — Fd- The latter 
is non-zero only through the effects of SU{2>) breaking and therefore receives 
a strong GIM suppression. Moreover, the light-quark loops F^, Fd are sensi- 
tive to nonperturbative QCD dynamics. Additional long-distance mechanisms, 
different from F^^ Ed, can also become important. 

An example isQ I?" A^^M"- Here the amplitude in ( |152| ) yields a tiny 
branching fraction of ~ 10^^^. Alternatively the decay can proceed, for in- 
stance, via the long-distance mechanism £)" l^~^H~ ^ with an off-shell 
kaon. Estimates of this and similar sources give togetherH B{D^ ~ 
10^^^. This still leaves a window for the discovery of potential new physics 
effects below the current experimental limit ofc2li?(L)'' — > /^^/-t )exp 

6.2 D°-D° Mixing 

A further interesting probe of the flavour sector is D'^-D'^ mixing, a process 
with AC = 2. Recent measurements from the CLEO and FOCUS collabora- 
tions have stimulated the interest in this observablej— A detailed discussion of 
these results and a list of references can be found inllj. 

DO_jjO jj^ixing can be searched for in the time-dependent analysis of 
hadronic two-body modes. We may distinguish three types of decays. 



Cabibbo favoured (CP) 
singly Cabibbo suppressed (SCS) 
doubly Cabibbo supressed (DCS) 



D" -> K-Tr+ (153) 
D" K+K~ (154) 
D" ^ K+n- (155) 



In powers of the Wolfenstein parameter A, the CP amplitude c — > sud is of 
order A", the SCS amplitude c sus of order A, and the DCS amplitude 
c —> dus of order A^, which establishes a clear hierarchy in the decay rates. 
The classification applies of course also to the charge-conjugated modes D'^ 
K+TT- (CP), £>" ^ K+K- (SCS) and K-ti+ (DCS). 

The framework for describing D^-D^ mixing is analogous to the case of 
K°-K° mixing discussed in sec. 4.1. The mass eigenstates are 

Di^2=pD±qD CPD^~D (156) 

We introduce the convenient definitions (F is the average total decay rate) 

F2-F1 p (K+n-\D) 
f y-^r~ ^^~q{K+n-\D) ^^^^^ 
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X, y, ^ are small quantities of order A^. The precise calculation of x and y is 
difficult for the reasons mentioned above (GIM suppression, long-distance sen- 
sitivity). Analyses based on hadronic estimates {K, tt intermediate states) or 
the heavy-quark expansion (quark-level calculation) lead to a standard model 
expectation of 

X, y< 10"'* (158) 

We then consider the time dependent decay V{D'^{t) ~* K~^tt~). The state 
D^{t) is obtained by solving the Schrodinger equation for the D'^-D'^ two-state 
system with the initial condition D'^{t = 0) = D^. The solution reads 



T{D^{t) K+7T-) = e 



2 

-rt ' " 



r(L)° ^ K+ 



IT 



ICP + [y ReC + X Im^R + ]ix^ + y^mf 



(159) 



To obtain this result we have used the following approximations. We expand 
in the small quantities ^, x, y, assumed to be of the same order (of order x, 
say), and drop terms of 0{x'^) and higher. We also require Tt to be at most 
of 0(1). This is the range that is relevant experimentally, since the D mesons 
will have decayed once Ft becomes too large. 



The form of (159) is not hard to interpret. If there is no mixing, x = y — 0, 
only the first term inside the square brackets survives. It simply describes the 
exponentially decaying rate of the DCS process D° — > K~^tt~ . Even ii x, y ^ 0, 
at time t = the DCS decay is the only effect. On the other hand, if the small 
DCS decay was absent, ^ = 0, only the third term contributes. Then the 
K^TT~ final state can arise only through mixing Z?" K~^Tr~ . The rate 

vanishes a.t t — because D'^{t = 0) = and there was no time yet for mix- 
ing. The (xTt)"^ behaviour represents the onset of an oscillating trigonometric 
function of which it is the remnant in our approximation. Finally, the linear 
term ~ Tt is from the interference of DCS decay and mixing. 

Without the DCS mode, the observation of K^tt^ from an initial D'~' would 
be an unmistakable sign of mixing. The real situation is more complicated. 
To demonstrate the presence of the mixing term, the three contributions in 



(159) have to be disentangled, which is possible in principle due to their dif- 
ferent time dependence. So far only the DCS component (|^p term) has been 
unambiguously identified. At present the signal for mixing is still compatible 
with zero. It will be interesting to follow the future experimental results on 
this issue. The detection of a substantial value of x would indeed be exciting 
evidence for new physics. 
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7 Summary and Outlook 

Kaon decays have played a key role in the development of the standard model. 

Today kaon physics is a mature field. A whole array of modern field theoreti- 
cal techniques is at our disposal to help us extract the underlying mechanisms. 
Among these tools are perturbative quantum field theory, including the pertur- 
bative treatment of QCD at short distances, the operator product expansion, 
the renormalization group and chiral perturbation theory. While an impres- 
sive number of crucial insights has been already obtained in the past, excellent 
opportunities continue to exist for present and future studies: 

• Chiral perturbation theory constitutes a complementary handle on the 
elusive nonperturbative dynamics of QCD at long distances. This can be 
helpful to control long-distance contributions that contaminate the short- 
distance physics that is of primary interest. However, chiral perturbation 
theory, as a model-independent framework for low-energy QCD, is also of 
considerable interest in its own right. Typical processes that are studied 
in this context are — > -jt~^1~^1~, Kl — » 77*^77, or Ks 77. 

• CP violation in K ^ tttt is still an important area of current interest. 
Indirect CP violation measured by e is well determined experimentally 
and provides us with a valuable CKM constraint. Direct CP violation, 
now established, but still under further experimental investigation, gives 
an important qualitative test of the standard model. 

• Standard model precision tests will be possible with the "golden" decay 
modes -k^vv and Kl tt^vP. 

• Other opportunities of interest include decays as Kl — > 7r'^e+e~, ^- 
polarization in K~^ -K^^^jb^v, among many other rare processes. 

• Very direct and clean probes for new physics are decays that are forbidden 
in the standard model. Lepton flavour violating modes as Kl e/it, 
K — > TTyue are important examples. 

In parallel to kaon physics many other observables, as provided from decays 
of hadrons with beauty and charm, will be necessary to get a reliable and 
complete picture of the physics of flavour and its possible origins. 

In these lectures, we have discussed selected examples from the phenome- 
nology of mesons with strangeness and charm. We have also emphasized the 
theoretical framework for an analysis of these processes, which is crucial to 
interpret the experimental data and to extract the underlying physics. The 
coming years promise to be very fruitful for the study of flavour physics and 
important discoveries are possible in the near future. 
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